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PREFACE 


This book on Dynamics is intended for the use of students pre¬ 
paring for the B.A. and B.Sc. Examinations of the Indian Universities 
and is so written as to cover the courses commonly prescribed for 
these examinations of most of the Indian Universities. The Chapter 
on Central Orbits has been specially added so as to include the 
Honours Course of some of the universities. 

Great care has been taken to explain the fundamental principles 
fully and rigorously. To illustrate these principles large number of 
examples have been worked out in as simple and straight-forward 
manner as possible. Numerous examples for solution have been added 
after each important article so as to give the students an idea of what 
types of examples they can expect in the examinations. The examples 
have usually been selected from the question papers set at the various 
universities and from standard books on the subject. 

I acknowledge my debt to the authors of various standard books 
on the subject for freely drawing material for this book from their 
books. Suggestions for corrections and improvements will be thank¬ 
fully received. 

/igra, \ • M Ra\ 

April mi J 

PREFACE TO THE SECOND EDI I ION 

The book has been thoroughly revised so as to eliminate possible 
errors. A number of new examples have been added. I have thought 
it desirable to add some portions on elementary Rigid Dynamics—and 
so a chapter on Moment of Inertia and another on D’alembert s 
Principle and Equations of Motion have been added. With these 
additions it is hoped to meet the requirements of some senior students. 

Agra, \ M. Rav 

December 1953 j 

PREFACE TO THE THIRD EDITION 

The book has again been thoroughly revised. 

Agra, 

April 1956 


M. Rav 




CONTENTS 


Chapter. 


I. KINEMATICS AND KINETICS I 

.1. Kiiuniatim : Diaplacetif'ni I 

Di5iplaccment I 

Motion in a straight line : Velocity and acceleration I 

Motion in a plane : Velocity and acceleration 4 

Radial and transverse velocities and accelerations 7 

Angular velocity and acceleration 12 

Tangential and normal accelerations 13 

Relative motion 17 

H. KinedcM : Force and motion 20 

Newton's Laws of motion 20 

Deductions from Newton’s laws of motion 20 

Miscellaneous examples 23 

II. RECTILINEAR MOTION 27 

Motion in a straight line with constant acceleration 27 

Motion of a train between two stations 29 

Simple Harmonic motion 31 

Hooke’s Law 37 

Repulsion from a fixed point varying a.s the distance from that point 45 
Motion under Inverse square law 47 

Motion under other laws of force 5l 

III. UNIPLANAR MOTION 55 

Projectile 55 

Projection to pass through u given point 64 

Range on an inclined plane 69 

Envelope of the paths 74 

Miscellaneous Examples 76 

IV. WORK. ENERGY AND IMPULSE K5 

Work g6 

Energy H9 

Principle of Energy 90 

Impulse ^ 94 

Conservation of Linear momentum *'5 

V. IMPACT 101 

Impact 101 

Action between two clastic bodies during the period of impact 102 

Oblique impact 103 

Direct impact of a solid on a fixed smooth surface 1 14 

Impact on an inclined plane 122 

Kinetic energy lost by impact 125 

Some more worked-out examples 127 

VI. CONSTRAINED MOTION 134 

Uniform circular motion 134 

Motion in a nearly circular path 136 

Motion on a smooth curve in a vertical plane 139 

Motion on the inside of a smooth vertical circle 140 

Simple Pendulum 146 

The Cycloidal Pendulum 152 

Miscellaneous Examples 157 



( a ) 


Ml. HODOGRAPH 

Units and Dimensions 

Lines of quickest and slowest descent 

MU. CENTRAL ORBITS 
Apses 

,Kapler’s laws of planetary motion 
.“Examples 

I\. MOMENT OF INERTIA 

Examples 
Momcnial Ellipse 
Principal axes 
Foci of Inertia 
Equimomcntal Particles 
Examples 

IVALEMBERTS PRINCIPLE 
Equations of motion 

Independence of translation and rotation 
Impulsive Forces 
Motion about a fixed axis 
Examples 

Compound Pendulum 


166 

168 

170 

177 

18 ) 

183 

184 

191 

196 

200 

201 

201 

202 

202 

204 

204 

204 

205 

206 
207 
210 


DYNAMICS 


CHAPTER I 


KINEMATICS AND KINETICS 


A. Kinematics : The Geometry of Motion. 


1. Displacement. When a point changes its position relative to 
surrounding objects and occupies different positions at different times, 
it is said to be in motion relative to those objects. In this book we 
shall deal with motion of a a particle being defined as a 

geometrical point having a definite mass. If a particle at any particular 
instant is at a point T and at any subsequent instant comes to a point 
Q, then the length PQ is the displacement of the particle during that 
interval. Thus the displacement of a moving particle is the change 
of its position and is measured by the distance moved by it during a 
particular interval. Displacement has both sense and magnitude. 


2. Motion in a straight line : Velocity and Acceleration. 


In order to determine the position of a moving particle or a point 
in a straight line, we must have 

a//xef/on the line. The - - —---w 

position of the moving point is ^ P Q 

then determined with respect 

to that fixed point. Let O be the fixed point on the line and let P 
be the position of the moving point at any particular instant and Q 
its posiiion at any subsequent instant. Then PQ is the displacement 
of the moving point during that interval. If the lime taken in moving 

PQ ® 

from P Xq Q bz denoted by t, then measures the average velocity 

of the panicle during the interval t. Thus the average velocity during 
a given interval is measured by the whole displacement divided by 
the whole time. 


If a particle moves in a straight line and moves through equal 
distances in equal times, the particle is said to be moving with 
uniform velocity. If the velocity be uniform, then average velocity is 
the same as the uniform velocity. If however the velocity is variable, 
it is defined as the rate of its displacement. 

Let a particle move along a straight line starting from a given 
point O on the line and let it come to the position P in time t where 
OP -x. Further suppose In a subsequent interval where Sr is 
small, the particle moves through a distance PQ (=Sjc; and comes to 
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the position Q. Thus is 'the average velocity of the particle 

during the interval St. As Si and consequently Sx becomes smaller 

and smaller, the point Q approaches the point F and the quotient gj 

measures the rate of displacement of the particle. This quotient gives 
the velocity of the particle in the limit when Thus if v by the 

velocity of the particle at time we have 


v=lim. 


•M- 


St-^0 


oJ jviV' 




=lim. 

'' St^o 

Jx 


displacement in time;^( 
" St 

. ♦ ^ * 

Sx 

Zt 


'• (It 

usual to denote differential coefficients with regard to time by 
dots ; thus X means and x means . 



Velocity of a particle has got magnitude as well as direction. The 
maaniiiide is called the spWd. If both speed and direction remain the 

sanie ihrou jhoul a certain interval, ihc velocity is uniform through¬ 
out that interval. If either of these changes, the velocity becomes 
variable. 

.UciAerMion of a moving particle is (iefincJ as the rate of change 
of v(’/()c 77 r. 

If r he the velocity of the particle at time t when it is at the 
point P and v \-S'' bc'iis velocity at lime ''hen it is at 0, then 
gv the change of velocity in interval gr. Thus if/be the accelera¬ 
tion of the particle at lime t. we have. 




/ -lim. 




change of velocity in time Sf 

Zt 
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Thus any one of the three expressions or or v ^ 
be taken as the acceleration of the moving panicle. 


may 


Acceleration also has magnitude as well as direction. Negative 
acceleration is also known as retardation. Retardation implies de¬ 
crease in the magnitude of velocity. 

; It should be very carefully noted or jc is the velocity of 


V. 


dv 


the particle in the sense in which x increases, similarly v or xii 

' dx 

* * 

the acceleration of the particle in the sense x increasing. 

. ' 

Ex. Prove‘ihal, if a point moves with a velocity varying as any 
power not less than unity of its distance from a lixed point which it 
is approaching, it will take an inJinite time to reach that point. 


Let O be the fixed point and P 
the po.siiion of the moving point at time 
t. If OP=x. the velocity is given to be 
(x.v" where (a is some constant. Since 
the point P is approaching O, 


O 


a 


I' 


we must have 


Therefore 


dx 

<it 

dx , 


Integrating both sides, wc get 

I __ , P 

where C is some constant, to be determined from the initial condi¬ 
tions of the problem. 


Thus 


(n- r>x 




If n > 1, then when .x-^O, t->cc 

ie.. the moving point will take an infinite time before it reaches the 
point O. 

ilx 

When n—1, the equation is — 


dt 

dx 


or 


= -\it 


Integrating we p« t 


log x~ — ]xt—C. 


From this equation also, we see that when x-*-o (as log x-*-—oc 
x-*o) ; /-►oc. Hence the same rcsuli. 
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Motion in n plane; Velocity and Acceleration. 


3. 

When a particle moves in a plane. 



its path is in general a curve. 
To fix up the position of the 
particle on its path at any ins¬ 
tant, we musi have a fixed 
point on this curve. Let A be 
a fixed point on the curve and 
let P be the position of the 
particle at time /; and let arc 
AF=s. 

Let Q be the position of 
the particle at time r+S/, so 


that during the interval gr, the displacement of the particle is the 
chord PQ. Hence the average velocity of the particle during the 
interval St 


_Chord PQ 
St 

As gr becomes smaller and smaller, the point Q approaches the point 
P and the quotient becomes the rate of displacement. 

Hence the velocity of the particle at time i 


— 1 jm 

Chord PQ 

— 11111 • 

gr —>0 

Bt 

= llm. 

Chord PQ 

Zt^o 

§5 

= ljm. 
Bs-*-o 

Chord PQ 
Bs 

-1 X 

^ ^ dt 

II 

II 


8t 


Xlim. 

gr->« 


Bt 


Further as the point 2 approaches the point P, the chord PQ 

becomes the tanyeni to the curve at P. Hence ilw iiireciio/i of the 
velocity at P is along the tangent to the curve at P and the velodlv is 
s in the sense in which s increases. 


Now the velocity of a particle moving in a plane can be resolved 
into two components with respect to two axes fixed in that plane. 
Let OX and OY be two rectangular axes fixed in the plane with O as 
origin. Let the co-ordinates of the points P and Q be far.y) and 
(a:+Sy. 5>’), so that the displacement PQ has two components 

PA^=g.Y, parallel to OX and QN=Zy> parallel to OY, 
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The component of velocity parallel to OX 

=rate of displacement parallel to OX 

s/ 


=lim. 


8v 

It 


dx 




dt 


= lim. 

The component of velocity parallel to OY 

QN 
ht 


=lim. 


=lim. 

ht-*o 


Sy _ . 
ht dt ^ 


Thu if X. y be the co-ordinates of a particle moving in a plane, 
referred to two rectangular axes fixed in that plane; the components 
of velocity of the particle are x and y. Let these be represented by 

u and V so that u — Xy v=y 

If V be the resultant velocity, then 

and if be the angle which the direction of motion makes with OX, 
then 

y <fy 

tan^=- = ^ 

t.e., the direction of motion is the same as the direction of the tangent 
to the path. 

We now find the components of acceleration of the particle 
parallel to OX and OY Let (f/, v) be the components of velocity of 
the particle at time t parallel to OX and OY and (m-HSm, v + g*) be 
those at time r-Lgt, so that changes in velocity during the interval g/ 
parallel to OX, OY are 3v, gi’. 

Hence the component of acceleration parallel to OX 

change of velocity parallel to OX in time gr 

gr 


=Iim. 
gr—►o 


lim. 

gr-^o 


gu _du ^ d Ydx '\_d^x_ . 

Zt ~ dt dtK,dt J dt^ 


and the component of acceleration parallel to OY 


=lim. 

gI->o 


gv dv _d}y _ .. 
gr dt dt^ ^ 


The resultant acceleration is direction makes 
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Hi s ^ » ... 

an angle tan-'with OA'. • - , . 

X- ■ ' * 

Further we can write t • 



d^x 

du 

du 

dx 

du 


i! 

11 

■H 

~dt~ 

dx ' 

dt 

dx 

and 

d^x 

dv 

dv 

^-v 

dv 

'di^~ 

~dt~ 


dt-'' 

'Jy 


Thus components of acceleration can also be written as u , 
y where u, v are the components of velocity. 

Ex. The law of motion in a straight line being v/, prove 
that the acceleration is constant. 


5=1 vt 

Differentiating with respect to /, we get 

s=l v+i i-r, but 5=^ i>=acceleration=/, say 
then v=iv+i// 

or or v=fi 


Differentiating again with respect to t, we get 

v=f+/i 

i.e.. f=f-vfi 

or ft~o f=o /=constant. 

Ex. 1. The velocity of a panicle moving in a straight line is given by the 
relation v’=nj:*+26j:+c. Prove that the acceleration varies as the distance from 
a fixed point in the line. 


Ex. 2. The co-ordinat.'s of a moving point at time t are given by x=a 
(2/+sin 2(), y=a (I—cos 2 (); prove that its acceleration is constant. 

Ex. 3. Velocities of a moving point parallel to the axes of a; and y are 
■u-f cy and v+ex respectively ; show that the path is a conic section. 

1 1 d 1 / 

at at 

dividing vrt; get, or (u + cyj dy=(v-|-ex)tir 

Integrating we get, (u+ev)-={w-|-.»x)*+(7 where C is some constant. 

This represents a conic section. 


® Straight line towards a given 

SJaHnn distance fallen through, prove that the 

acceleration is inversely proportional to the cube ofthe distaoii fallen through. 
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Radial and Transverse Velocities and Accelerations. 

A particle is moving in a plane curve, to find components of 
velocity and acceleration at time 
t along and perpendicular to the 
radius vector drawn from a fixed 
point in the plane. 

Take the fixed point O as the 
pole and line OX as the initial 
line. Let P be the position of 
the particle at time /, its co-ordi¬ 
nates be (r, 6) and Q be the 
position at time its co-ordi- 

S Pe*is the^dispiaccmem ‘in^ime S'- Draw QM perpendicular 
from Q to OP, so that PM and QM ate the components of the dis¬ 
placement PQ along and perpendicular to OP. Let », v be the 
components of velocity along and perpendicular to OP. 
h 

displacement along OP in time Bt 

Zt 



w=lim. 

Bt'>o 

lim. 

lim. 

r^lim. 

Bt-t’O 

— lim. 
Bt->o 

lim. 

Bl-'O 


PM ,. 

= hm. 

3^ 8/->o 


OM-OP 

ht 


OQ cos Be-OP 

Zt 

(r + S'') cos B9—r 
Zl 


(/•■I SO. I-/- 
8/ 


, small quantities above the first 
order being neglected, 


8^ 

8^ 


r/r 

~(it 


r- 


i». 


lim. 

Bt~*o 

lim. 

Bt-^o 


:^lim. 

Bt-*o 

= lim. 
Bl ->’0 


displacement perp. to OP in time Sf 

8/ 


QM OQ sin 80 


8/ 


hi 

(r+gr) sin B9 
Zt 


(r4- gr) sin 80 


(H 80 


8^ 

8/ 


Bt-^o 

sin 80 

80 


^0 

8/ 


because lim. 
B-^o 


= I 
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=lim. 


ne 


, neglecting the other term, 


^0 A 

=r ^=re. 


Thuylhe components of velocity along and perpendicular to the 
radius vector are r and r 0 , in the senses in which r and © increase. 
These are called the radial and transverse or cross-radial compo¬ 
nents of velocity. 

Now let the components of velocity along and perpendicular 
to, OQ be w-1-Sm, v+3v ;(«, v) being those along and perpendicular 
to OP. 

Thus U^e change of velocity along OP in time g/ 

' I =(m+Su) cos —(v+gv) sin SQ —1/ 

' ■ ' --^(M+g/O - • S0 — M. neglecting higher 

powers of g© 

=■8'/—vg0, neglecting the other term. 

Similarly the change of velocity perpendicular to OP in time gr 
-OH sin g© gv) cos g© —V 

O^-r S'O S6-r(v-i-gr). 1 r-as before 
wS0T8»'i neglecting the Other term. - C 

fheicfore radical acceleration 

change of velocity along C?/’in time gt 

S' 


lim. 

g/->-o 




(III (If) 

fT”'‘ 7F 


(I /(Ir \ dfi 

irKw)''' IT' 


dfi de 

dt ■ d( 


■ . .. 
d?-'- KdT ) 


Transverse acceleration 

- lim change of velocity perp. to OP in time g/ 
g/-*-o 


lim. 

g/-^o 


wse-T-sv 

St 


d0 dv 

u - \--j- 

dt dt 
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also 



Thus (he compdfients of acceleration are f — along OP in the 
sense r ihcreasirig and ~ {r^ 6 ) perp. to OP in the sense Q in¬ 
creasing. 

Cor. If the particle describes a circle of radius a, then 
^“a=constant, so that u — r-^-o. v—r$ = ad', 

radial acc. ~=r~i‘Q‘^ = o—a^'^ = — aQ^y i.e., towards the centre 

and transverse acc. - rQ-^-lrO^aQ, r e , tangentially. 

Alternative Method. We have 


x=r cos y=rr sm Q 


( 1 ) 


and 


x = r cos f)—r sin 0 ^ 
y=r sin Q-\-r cos Q Q J 

x=r cos e — 2r$ sin 0 —rd* cos 9 — r9 sin © 
ji=> sin 6-f 2y0 cos 0 —rd* sin ©-fr^cos© / ' ^ 

Radial velocity cos 0 + y sin 0=r. from (I). 

Transverse velocity =.y cos ©-^ sin ©=rft. from (I). 

Radial acceleration cos ©-fy sin from (2) 

Transverseacceleration=y cos e-x sin e = 2 r 9 + r 0 , from (2) 


Ex. 1 . If the radial and transverse velocities of a particle are 
always proportional to each other, show that the path is an equi¬ 
angular spiral. 


Here 


or 



where ^ is some constant 



i 

I 

i 


Integrating we get, log /•^A'©-J-C where C is some constant 

< i . • ^ 
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or 


r—ae^^ where <7 is also a constant 


This is an equiangular spiral. 

Ex. 2. The velocities of a particle along and perpendicular to 
the radius from a fixed origin are \r and ; find the path and show 
that the acceleration, along and perpendicular to the radius vector,. 


are AV~ and 


Here 


andr-=t^a 

rde 


Dividing we get, 


dr 

1 


dr _d0 

7 ^ Q 


Integrating we gel, —^ —=log 0 +C, where C is a constant. 

A T 


This gives the path. 
Radial acceleration=r— 


2/-_,2 


i • r ^ ^ 
-hr —r . 


and 




li9 


= h^r- 


2 /!i 2 




^Ar 


r Ar—A^r 


Transverse acceleration = 2r0 + r^ 

- 2Ar . +r0 

r 

But differentiating r$--y.O 
we get re \ re-\id 


i.e.. 


r 'e - a 




Hence transverse acc. 2Aa0 


-L 




([x-Ar) 


-ne(2A+^-A) Ke(A+-!^j 


A boat which is rowed with constant velocity U starts 

from a point A on the bank of a 
^ river which flows with a constant 

velocity V; and it points always 
towards a point B on the other bank 
exactly opposite to 4 ; find the 
equation of the path of the boat. If 
V---U, show that the path is a parabola who^e focus is B. 
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Let P be the position of the boat at time t. It has two veloci¬ 
ties C/towards 5 and K downstream. Take the opposite bank as 
initial line and B as pole and P the point (>, 01, its components of 
velocity are r along BP produced and r 0 perpendicular to BP. 

Hence resolving along and perp. to BPy we get 

r= V cos Q — U 
and r$ = —V sin 0. 
rdO ^ sin 0 

Dividing wc get VcosB-U 

—cot e + cosec 0 ^ t/0 

Integrating we get log r = log cosec 0 + -p log tan 0/2 +Q where 

Cj is a constant. 

This gives the path. 

If V=V, it becomes tog f = log cosec 0 + log tan 0 / 2 +C', 

log r=log (2 cos' 6 / 2 )+*^’ 


or 


or 


or 2r cos^ Qf2=A where A is also a constant 


i,e., =2 cos^* 0/2--1 +COS 0 which is a parabola, with B as 

focus. 


E». 4 . If the radial and transverse velocities of a point are always pro¬ 
portional to each other and this holds for accclcrduons also, prove that us 
velocity will vary as some power of the radius vector* 


Ex. 5. The velocities of a particle along and perpendicular to a radius 
vector from a fixed origin are Ar* and g0*. Show that the equation to the path 



and the component accelerations are 

2A*f»-(jL2 and A[if02+2g* 


Ex. 6 . Prove that the path of a point which possesses two constant velocities, 
one along a fixed direction and the other perpendicular to the radius vector drawn 
from a fixed point, is a conic section. 

Ex. 7 A straight line of constant length moves with its ends on two fixed 
rectangular axes oa, oy andis the foot of the perpendicular from O on the 

straight line. Show that velocity of P perpendicular to OP is OP and along 
OP is 2CP where V is the middle point of the line and 9 is the angle COX. 

dt 
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5. Aagolar velocity and Acceleration. 

A particle is moving in a plane 
curve. Take a line OX fixed in the 
plane of the curve as initlaT line and O 
as pole. Let P be the position of the 
particle at time r, being given by the 
angle XOP^Q. 


Let 0 be the position at time/-l-SL so that the angle described 
in time §/ is 


Thus the average angular velocity is 


IB 

It ' 


As becomes smaller and smaller, Q approaches P and 
comes the rate of change of Q. This is angular velocity. 



Thus angular velocity=Iim. 


SB _cie 

St dt 



Similarly angular acceleration is 



\ 


4 




Let V be the velocity of the 
particle at P. It is along the tan¬ 
gent to the path at P. 

Components of velocity of P 
along and perp. to OPt^rt r and re. 
Resolving perp. to OP. we get 
r$~v sin ^ 

where <}> is the angle the tangent at 
P makes with OP. 



Thus 


V sin 0 

e- Z 

r 


i.e.. angular velocity of P about 0 = 

Also $— —-— and sin ^ 

r ^ 

the tangent at P. 



velocity of P resolved perp. to OP 

OP 

^ where p is perp. from O to 
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6 . XangeDtial and Normal Accelerations. 

A particle is moving in a plane curve ; to find components of its 
acceleration along the tangent 
and the normal to the curve 
at any instant. 

Let A he a fixed point 
on the curve and P be the 
■posiiion of the particle at 
time t where AP=s. Let v be 
the velocity of the particle at 
P, it being entirely along the 
tangent at />; so that v= 5 . 

Let 0 be the position of the particle at time r-f Sr and v+S^’ be 
the velocity there i.e., along the tangent at <2- 

Let the tangents at P and 0 make angles and ^-1-Sv^ with a 
fixed line OX so that S^^ is the angle between the tangents. 

Thus the change of velocity along the tangent at P in time Sr 

+ Sv) cos S^— 

— + I —V, neglecting terms of second order 

and the change of velocity along the normal at P in time Sr 

=(v + Sv) sin 

"'■(v-f S‘’) neglecting second order terms 

= vS^, neglecting the other term. 

Thus tangential acceleration = 

change of vel^dty along the tangent in time St 
Sl->o S' 

= lini. S^ 

Sr^oSt ^ 



or 


(h ds dv 
dsdt~ ^ds 


Normal acceleration = 

11 ^ change of velocity alon^thc normal in time s 

Sr-*-o 5/ 


~lim. 
Sr —>0 



Zs 

St 


lim. 


v'StJ' 
Zs ' 


radius of curvature at P. 


o' r V 
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Thus for a particle moving in a plane curve, component of 

acceleration along the tangent.isor ^ or ^ 

which .V increases; and the component of acceleration along the 

normal is 'p in the inward sense. 

' ... 

Cor For a particle moving in a circle of radius a, s=a9^ so 
that tangential acc. Ihe sense 0 .increasing ; and normal 


aB', towards the centre. 


acc. = 


Ex. 1. A point P describes, with a constant angular velocity 
of OP* an* equiansular spiral of which O , is the pole. Find its 

acceleration and show that its direction makes the same angle with 

the tangent at P as the radius vector OP makes with the thrigent. 


• 1 • ^9 cot o 

Ecluatioti to equiangular spiral is r — ae 
Here 0=constant=c, say, 

\ cot ac® “ X 0 =cr cot a 

r = cr cot a = C“ cot" n. r. 
y — rpz-c- cot“ a. /• —fV=(col- a —I) cV. 
Also 2)$ [ /• 0 = 2 rVcot o-!-o-2rVcot a ( 


B = o. 


These are the components of acceleration in . polar co-ordinates 

hence the resultant acc. = ^''(col2 o —l)‘WT4c‘r-cot“ a=cVcosec=a. 
If 0 be the angle the direction of the resultant acc. makes with OP 

then tan 0 = , -tan 2 a .. ©-.-n 

but the tangent makes an ' a with OP direction of the accelera¬ 
tion makes the same angle n with the tangent. 

Ex. 2. A particle is moving in a parabola witli uniform angular 
velocity about the focus; prove that its normal acceleration at any 
point is proportional to the radius of curvature of its path at that 
point. 

Equation to parabola with focus as pole is p^=ar. 


Here 0 = const.- r, say but 0 


^ a 

r“ 


V tsr 


Also P 


rdr 


4 w I j 

dp 

Differentiating p~- 
dr dr 


2 a—a 


dp ' * dp 


ar with respect to p, we get 

-2p , r'^P ~ -P’' 

a a p 


X * I 
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j ! I'f-. 


Now normal acc.= -:^ = 


cV* 

ip/ 

* 

a 


r% • 


ac^r^ 


ac^f^ 


2 />® . 2 ar.p 


__£' p 

^p ^ 


i.e. varies as P 


Ex. 3. A particle describes a parabola with uniform^ speed ; 
show that its angular velocity about the focus S. at any point P, 
varies inversely as SP^?. ' ‘ , i , ' 

Here v = const. = c, say. 

Equartion tO'parabola with S as pole is p^=ar. v 


Now 


■i 


A _ Vp 

® “ r* 


cp 

.2 


c\/a 


1 


oc 


cy/ar 

“72 — 7/2 — ^a /2 . 

Ex. 4. Prove that the angular acceleration of the direction of 

V dv V-. dp 


motion of a point moving in. a plane is „ , «« - , ■ 

P ds P^ ds' 

If the tangent at any point of the path makes an angle y/ with the 
fixed line OX, then t>/ gives the direction of motion. 


To find {r. 
Now 


y, = 


dip ds dip V 
ds ' dt ~ ^ ds ~ p 


1 

P 


d^ 

ds 


_ J’ 

P-ds J 


d Z' V \ ds d ^ V \ d /' V \ / 

* • *" " dtKrfj^dF ■ 'VaC P y A 

Ex. 5. Prove that if the tangential and normal accelerations of 
a particle describing a plane curve be constant throughout the 
motion, the angle tP through which the direction of motion turns in 
lime t is given by ip—A Iog.(l +^/). 

Here i- = const=o, say and — =-p-=const=6. say 


ds 

df 

s^at-\-c and ^ = ^ o*" s- s 


dip 

IT 


dip 


(a,+c)^±=b 


.diP_ h 

TIT Qt+c 


Ex. 6. A particle moves in a catenary (s=c tan iP), the direction 
of iis acceleration at any point makes equal angles with the tangent 
and the normal to the path at the point. If the speed at the vci ux. 
.where tP = o be u, show that the velocity and acc^cleration at any u her 


point arc given by and 


2 j(r 

u*e cosV* 
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Since the acc. bisects the angle between the tangent and the 
normal, the tangential and normal components of acc. are equal. 


dv 


dv 


dv 


dip 


Hence v •^=—or or -j-=v , 

ds P ds P ds ds 


dv 


=dii,. Integrating log v=Vi+const. 


v=Ae'^ but when \li=o, v=w A=u hence 


Tang. acc. = 



dv drp 

ds ^ 

^ d^ ds 


COS-\t 

c 



p ~ 

c sec*^&- 


0 

uc^ . ue 




csec^ib * 


s—c tan 


ds 

di 


=c sec*^ = P 




cosV 


Resultant acc 






V 2 n 2 li> 2 

= -- -tt“e cos%'. 


Ex, 7. If a point moves along a circle with constant speed, prove that its 
angular velocity about any point on the circle is half of that about the centre. 

Ex. 8. A point describes uniformly a given straight line; show that its 
angular velocity about a fixed point v. -ics inversely as the square of its distance 
from the fixed point. 

Ex. 9. A pointdescribes a curve with a constant velocity and the radiu*i 
vector joir.ing to a fixed point 0 has an angular velocity which is inversely 
proportional to or ; show that the curve is an equiangular spiral with O as pole 
and that the acceleration of P along the normal varies inversely as OP. 

Ex. 10. If the velocity of a pdint ntoving in a plane curve varies as the 
radius of curvature, show that the direction of motion revolves with constant 
angular velocity. 

Also, If the angular velocity of the moving point about a fixed origin be 
constant, show that its transverse acceleration varies as its radial velocity. 

Ex. 11. A point moves in a plane curve so that its tangential acceleration is 
conr.tani and the magnitudes of the tangential velocity and the normal acceleration 
are in a constant ratio. Show that the intrinsic equation of the path is of the form 
«=■ + C^. 

Ex. 12 . A point moves in a carve so that its iangcntial and normal accele¬ 
rations are equal and the tangent rotates with constant angular velocity. Show 

tha ithe intrinsic equation of the path isof the form -i-B. 


Ex. 13, A particle describes a curve (for which * and vanish simultaneous¬ 
ly) with uniform speed v. If the acvcleratiori at any point i be -- . prove that 

* ^ c* * ^ 

the curve is a catenary. ' ' 
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7. Relative Motion. The velocity of a point P relative to a 
point Q is the rate of displacement of P with respect to Q or, in other 
words, the velocity of P relative to Q is the velocity which P appears 
to have when observed from Q, that is, when Q is stationary. 

Let the position of P at any time / be given by the coordinates 

to two fixed rectangular axes OX, OV and the position 
of g be given by its coordinates referred to the same axes. 

Then the position of P relative to Q is given by the coordinates (x", >’) 

where y^y^~y^. 

Then i = 

and x=Xx-Xi\ y=yx~y^ 

r and (i'g, y,) are the actual components of velocities 

of/’ and parallel to OX, OY, hence the velocity components of P 
relative to Q are obtained by adding to the actual velocity compo¬ 
nents of P, the actual velocity components which are equal and 
opposite to those of 0. • 

The velocity of P relative to Q may therefore be regarded as the 
resultant of velocities, viz,, 

(/) the actual velocity of P 
and (/7) the reversed velocity 
of Q. 

Let the point P move with 
velocity v along AD and the 
point Q move with velocity u 
along AB. To find the relative 
velocity of P with respect to Q, reduce Q to rest by adding a velocity 
w in the opposite direction/fC. Thus Z’will have two velocities v 
along ^Z) and M along/fC; the resultant of these two velocities as 
obtained by the parallelogram law, is the relative velocity. 

A similar proposition is true for relative accelerations. 


E D 



Ex. 1. The distance between two moving points at any time 
is a and their relative velocity is V, u and v being the components of 

y respectively along and perpendicular 
to the direction of a. Show that their 
distance when they arc nearest to one 

another is and the time that elapses 
before they arrive at their nearest 



P, Q be their positions when distance between them is a 
i.e. QP=a. At any subsequent time. /, coordinates of P relative to Q 
are x=a—ut, y=vt, 

distance between P,Q is z=\/x^ {-y* 
i.e. «/)*-{-«*/•. 
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Now r is least when =o 

dt 

dz 


o — 2z ^ ——2u{a—ut)-r 


2v^t 


giving 


/= 


au 


au 




2 


J/3 • 


Th.n V_, - 

Then 








av 


• • 


V’ 


Ex, 2. Two particles start simultaneously from the same point 

and move along two straight lines, 
one with uniform velocity u and the 
other from rest with uniform accele¬ 
ration /. Show that their relative 



velocity is least after a time 


u cos a 


f 


least when =0 

di 


• • 


and that the least relative velocity is m sina where a is the angle 
between the lines. 

The velocity of the second particle is v=ft. If F be the relative 
velocity, 

then cos (l80-o)=«2-f-/2/2_2„y>. cosa. V is. 

^ - n cos a 

o=2K =2/2/—2u/cosa /=- y 

and then = cos2a—2H2(;o5ajj_j^2 51^2(1 K=Hsina, 

Ex. 3. A vessel steams at a constant speed u along a straight 
line, whilst another vessel steaming at a 
constant speed V, keeps the lirst always 
exactly abeam , show that the path of 
either vessel relatively to the other is a 

conic section of eccentricity y • 

If Q be the position of the first 
vessel and that of the second at any 
time /, then P keeps 0 abeam means 
the velocity V of P is at right angles to OP. 

Reducing Q to rest by adding a velocity in the opposition direc¬ 
tion. P has two \eIociiics, I'and v as marked. 

If P be the point (r.fj) with Q as pole and direction of v as initial 
line, then its component of velocity are r and along and perp, 
to QP. 

iicnce resolving along and perp. to QP we get 
' -= — »■ cos Q. -V sin 04- r 
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dividing 




rde 

V sin S-\-y 

dr ~ 

V cos Q 

dr 

V cos 0 

r 

V sin @-f- K 



Integrating we get log r== —log (v sin S -r ^')i-const. 
or /-(v sin Q-\- V) = A 

or =v Sin 0— V 

r 


or 



y . ^ 
~y Sin Q 


This is a conic section of eccentricity 





Ex. 4. A person iravcUinu towards the north-cast finds that the wind 
appears to blow from the north, but when he doubles his speed it seems to come 
from a direction Inclined at an angle cot * 2 on the east of north. Prove that the 
true direction of the wind is towards the cast. 


Ex. 5. A battle-ship A sights another li a sea-miles away steering in a 
direction at right angles to/Iwith a speed of/• knots. alters course so as to 
pass in front of Ti and to come to a nearest distance r sca-mi'es from li. If the new 

course makes an angle a with .4/y, prove that .rj speed is r ecs /J'sin (a— 
knots where sin (i = cla. 

{A knot is 1 sea-mile per hour]. 


Ex. 6. vlUC’is a right angle triangle with as a right angle, a particle P 
starts from /I and moves along .-1 r^’with uniform velocity ; a second particle Q 
starts from C at the same instant and moves along ('H with uniform velocity v \ 

show that shortest distance between r and V will be , .AC after a 

V «*+«•■* 


time 


u 


AC. 


Ex. 7. Two straight roads <)X and o 1’ arc inclined to each other at an acute 
angle a ; one car moves along XO w ith speed u while a second car moves along 
OY with speed v; show that when the cars arc at the least di'^^tance apart, the ratio 

of their distances from O is ® . 

u-ht' cos a 


If the first car is at distance from O when the second is at O, show that the 


cars arc at their least distance apart after time 


'/(u + v cos ci) 
u--f y»+2ue cos (I 


Ex. 8. Two straight railways converge to a level crossing at ;in angle fi ; 
and two train? distant respectively « and h from this point arc moving towards it 
with speed w, «-• rcspcclivtly. Kind when and where they arc nearest each other 

. ... sin « 

and prove that their least distance apart is . 

2Mt'CO.S (I 

Ex. 9. Two .ships are Mcamini; along straight courses with sucli constant 
velocities that they will collide unless ilicir velociiics uie altered. Show ihat lo an 
observer on cithci ship the other appears to be alvva>s moving diicctly lowards him.. 
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Fx 10 If oartides P and Q are travelling in straight lines with 
velocifc u and V toward I point O, show that the least distance between them 


u 


V 


during the motion is " ^ P. where p is the perpendicular distance of O from 

the direction of velocity of P relative to Q when P and (? are equidistant from O. 

Ex 11 If an aviator flies round a triangular course, each side of 
c miles long, while the wind blows at « miles per hour parallel to a side, show 

that he takeshours to complete the circuit in either direction, 

V being'his velocity relative to the air. 

R FCinetics : Force ami Motion. 


8. Newton’s Laws of Motion. We shall now discuss the effects 
of forces on the mol ion of a particle. The relation between the force 
and motion is given by Newton's laws of motion. 

Law I Everybody continues in Us state of rest or of uniform 
motion in a straight line, except in so far as it is compelled by impressed 
forces to change that state. 

Law II. The rate of change of momentum is proportional to the 

impressed force, and takes place in the direction of the straight line in 

which the force acts. 

Law III. To every action there is an equal and opposite reaction. 

9, Deductions from Newton’s Laws of Motion. 

The first law states that a body has no tendency of its own to 
change its state of rest or of uniform motion and if it is not acted 
upon by any external force, it will continue to remain in that state of 
rest or of uniform motion in a straight line. Thus a body in its own 
nature will remain either at rest or in uniform motion—this is there¬ 
fore the natural state of a body and this natural state can be broken 
only when some external forces are acting on it. Thus the first law 
gives us the definition of force. 

Force is something which changes or tends to change the state of 
rest or of uniform motion in a straight line of a body. 

The first law also implies what is called the Principle of Inertia. 
Inertia of rest implies that if a body is initially at rest, it will for ever 
remain at rest. Inertia of motion implies that if a body is moving 
with uniform velocity, it will continue to do so for all time to come. 

The second law gives us the law governing the measurement of 
force. 

Momentum of a body is the product of its mass and the velocity 
with which it is moving. Thus if m denotes the mass and v the 
velocity, mv is the momentum. 

The second law says that the impressed force P which causes the 
motion is proportional to the rate of change of mv. 


KINEMATICS AND KINETICS 


21 


That is, P=^k (.wv), where A: is a constant, 

dv 

=km , , if w is constant, 
at 

=kmf, where /is the acceleration. 

If the unit of force be so chosen that it acting on unit mass 
produces unit acceleration/.c., P=\ whenm=l and/= 1, then A: = l. 

Thus P=mf. 

This is the fundamental equation in Dynamics and is known as 
the working formula. The product of mass and acceleration is called 
the effective force. Thus the above equation can be stated as : 

Impressed force in any direction is equal to the effective force in 
that direction. 

As seen above, the second law also gives the definition of the 
unit of force. The unit of force is that force which acting on unit moss 
produces unit acceleration. In the British (Foot, Pound, Second or 
F.P.S.) system, the unit of mass is one pound, the unit of acceleration 
is one foot per second per second and the unit of force is the Poundal. 
Hence one poundal is that force which acting on a mass of one pound 
will produce an acceleration of one foot per second pet second. In the 
French (Centimetre, Gramme, Second or C.G.S.) system, the unit of 
mass is one gramme, the unit of acceleration is one centimetre per 
second per second and the unit of force is the Dyne. Hence one dyne 
is that force which acting on a mass of one gramme will produce an 
acceleration of one centimetre per second per second. 

The second part of the second law of motion states that the 
change of momentum produced by a force is in the direction in which 
the force acts, that is. if two or more forces act on a body «it the same 
time each produces an acceleration proportional to it in its line of 
action independent of the action of others. This gives us the Princi¬ 
ple of Physical Independence of forces. 

When a bod\ is acted upon by a number of forces, the acceleration 
due to each force is the same in direction and magnitude as if this is 
the only force acting on the body and all other forces ate ab.sent. Thus 
each force will produce its effect in direction and magnitude as if it 
were acting all alone and the resultant effect on the body acted upon 
by different forces will be the resultant of all these effects produced 
separately by each force. 

The third law of motion states that no force can exist in this 
universe without the existence at the same time of another force equal 
and opposite to it. If one body exerts a force on another, the second 
also exerts an equal force in the opposite direction. The first is called 
Action and the second Reaction. 
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Illustrations. (1) Tug-of-war. 



.4 C is the ground, and CZ) the two parties, LA/is the rope. 

The force of tension T with which one party pulls the rope is 
the same as that with which the other party pulls. The parties must 
push the ground in an inclined position and the ground also gives an 
equal amount of force to the parties. Let P, and P^ be the forces 
with which AB and CD push the ground .so that P^ and P^ also are 
the forces acting on 5 and C£>. These have components (/?, up¬ 
wards, F-D and (/?^, F-A- and support the weights u‘i, u*, of the 
two parties. If F^ > AB will win over CD. 

(2) Horse and Carriage. 



AC is the ground, AB is the horse, CDEF the carriage, LA/ the 
rope. 

The horse and llte carriage pull each other with the same force T 
so 7 does not produce the motion. In trying to go forward, the 
horse pushes the ground with his feet, say with a force P and the 
ground gives an equal force P to the horse in the opposite direction. 
P has two components /?, and Lj. will support the weight W of 
the horse. A force of friction say F.^ also acts on the carriage. 

If r, 7, the system will move on. 

(3) Engine and Carriage. 

The force of tension in the coupling chain between the engine 
and carriage with which the engine pulls the carriage is the same as 
the force with which the carriage pulls the ensine. 
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The driving wheels of the engine are made to rotate by means of a 
crank. The force of friction, say between the wheels and the rails, 
makes the wheels rotate and 
causes the forward motion of 
the engine. Again between 
the other wheels of the engine 
and wheels of the carriage and 
the rails, the force of friction 
acts in the opposite direction 
and makes the wheels rotate. 

Let this force of friction be F.^. 

If Fi > F.^, the system will move on. 



10. Miscellaneous Examples. 


Ex. 1. A wheel is rolling, without slipping, in a vertical plane, 
along a horizontal straight line, its centre having the speed u : to find 
the velocity of any point on its rim. 


B 



O is the centre, A the lowest 
point in contact with the ground, B 
the highest point at any instant, P 
any point on the rim where /_POB—Q. 
The centre moves in a straight line 
paralltl to the ground with velocity 
u, velocity of P is equal to the velo¬ 
city of P relative to O plus the velo¬ 
city of O. 


When the wheel has turned 
through ^0, the centre has moved through a distance x, so that 
x~aQ^ if a is the radius. 


Hence u^x=a 0 . 

Again the velocity ofrelative to 0 = that in a circle of radius 
a = aQ, tangentially. 

Ihus P has two velocities, both equal to i/, one horizontally and 
the other tangentially, the angle between them being also equal to Q. 

Hence velocity of P^2u cos 0/2 along the bisector PC. 

Hut PC is evidently perpendicular to AP and passes through B. 

Also AP=2aco%Ql2 

AP 

.. velocity of P=u . , along BP produced. 


Ex. 2. An insect crawls at a constant rate u along the spoke of 
a cartwheel of radius a, the cart moving with velocity v. Find the 
accelerations along and perpendicular to the spoke. 
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O is ths centre of the wheel, OA the spoke 
and ^ the insect at any time/. Let Z_AOB=Q, 
where B is the highest point. If OP=ry then 
u=r. 

Also v=aB 

Radial acc. of R=r— 

where (i)=— 

a 

= ^r(ir=—ut<sPy for r=iit 

V when 1=0, r=0 

Transverse acc.= 2rB +rtf=2«uj -f 0=2Haj. 

Ex. 3. A particle P moves in an ellipse so that its angular velo¬ 
city about one focus varies inversely as the square of the radius vector. 
Show that the angular velocity 
about the other focus varies in¬ 
versely as the square of the dia¬ 
meter conjugate to CP, C being 
the centre of the ellipse. 

S, 5‘ are the foci, p, are 
perpendiculars from S, on the 
tangent at Rand SP~r, S^P-=r^ 

P 

so that sin 

r r* 

tancent being equally inclined to 
5R and S'R. 

Now 0= 'C iind tf 

r- 






Givep that tf = 


r2 


\'P=c 


Hence 0 


V 


r'2 


pi _ V P _yp _c 

.1 


rr 


rr 


But if CD be semi conjugate diameter to CP, 


then CR“--rri hence tfi 


CD- 


Ex. 4. The acceleration of a point moving in a plane curve is 
resolved into two components, one parallel to the initial line and the 
other along the radius vector ; prove that these components are 


I 

sin 9 


dt 


{/•“tf) and 


cot 9 

r dl 


(/•"tf) + r—rtf2 
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Also determine the component accelerations in the directions of 
the initial line and the perpendicular to the radius vector. 

If X, R be the components of 
acc. parallel to initial line and radially 
then resolving radially and cross-radi- 
ally, we get 


and 


X cos R — r — rQ- 
X sin 0 = —5- 


dt 


(r-e) 



These give X and R. 

If r, rbe the components of acc. parallel to initial line and cross- 
radially then resolving radially and cross-radially, we get 

X cos 0 = r—r$^ _ 

, ^ ^ . 1 d , >• These give X and T. 

and T—Xs\nQ=-y • j 

Ex. 5. A wheel rolls uniformly on ihc ground without sliding ns centre 
describing a straight line. Show that the angular velocity of any point on the rim 
about the point of contact of the wheel with the ground is equal to the angular 
velocity of the wheel about its centre. 

Ex, 6 . Two points arc moving with uniform velocities w and r along per¬ 
pendicular lines OX,OY, the motion being towards O. When ^-0- 
distances a, 6 respectively from O. Calculate the angular velocity of the line join- 

ing them at time t and show that it is the greatest when 1 , 14 . 

Ex. 7. A small bead slides with constant speed V on a smooth 
shape of the cardioid r*=«(l -f-cos 6 '). Show that the value of Q is (»• sec. hl/ 2 )/ 
and that the radial component of the acceleration is constant. 

Ex. 8 . A point is describing a circle of radius a with velocity v. If <■» an<l 

eo* arc its angular velocities about two points which arc inverse with respect to t e 
circle, prove that 

- - 

Ex. 9. If the curve Is the cqui-angular spiral Jsullani 

radius vcclor to the particle has constant angular velocity, show that th 

acceleration of the particle makes an angle 2 a with the radius vector an is o 

r 

Ex. 10. Two particles P and Q, starling simultaneously from the same point 

O, move uniformly in a circle and in a straight line which i* 

p^lively, each with a speed «. Pionc that the velocity of P relative to Q »s 

2 u sin e where / POQ= ©. in a direction perp. to 07'and the relative path is a 

cycloid. . . 

Ex. 11. A man wishes to cross a road breadth r between two cars, J)l 

breadth 6 , which arc moving in a line separated by a distance a along the road with 

bn . 

speed u. Show that the least uniform speed of the man must be 

c / ^ J ^ \ 

the time that he takes to cross the road then is / 


magnitude where v is the speed of the particle. 
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Ex. 12. 

%vith \elocity 


A point starts from the origin in the direction of the initial line 
^ , and moves with constant angular velocity w about the origin, 

CO 


and with constant negative acceleration— f. Show that the rate of growth of the 
radial velocity is never positive but lends to the limit zero, and prove that the equa* 
lion of the path is 


^ point is describing a circle of radius n in such a way that the tan¬ 
go tial acceleration is i-lirnes the normal acceleration. If its spieed at a certain 
point ts « prove that it will return to the same point after a time 

(I-e“27r/v)_ 


ntoves along a semi-circle of which--IJ? is the bounding 
4 meter, m such a manner that .ir. where P is any point of the path is increasing 
at a uniform rate ». Find the accelerations of the particle in the directions PA and 

in terms of u and 0, the angle PAD ; and show that thj resultant acceleration 
makes with the normal at P an angle cot-‘ (2 tan Q). 

Ex. tS. A point describes i. plane curve in such a way that the resultant 
acceleration rnakes a constant angle a with the tangent to the curve and the tangent 
turns with uniform angular velocity to. If the initial velocity Is tzto, prove that the 

length of the arc described in time MS tana °_ 1 ). 

point moves along the arc of a cycloid in such a manner that the 

til. ^angular velocity ; show that the acceleration 

or the moving point is constant in magnitude. 


The direction of the acceleration of a particle moving in a cycloid 
fhe^ n w ‘■’-n angle equal to that which the tangent to the cycloid at 

»h.i the tangent at the vertex and is in the same sense. Prove that 

fhc nnigniiudc of the acceleration is constant. 

fin . .‘^•^.^•^ribes the diameter .-IB of a circle with uniform velo- 

,^”odicr the semi-circumference AD from rest with uniform tangential 
4 vtcieraiion. They start together from .1 and arrive together at B ; show that the 
velocities at /; are as tt : I. 


Kx. 19. A particle moves in the curve y—ri log. sec. — in such a way that 

the tancenf to (he curve rotates uniformly : prove that the resultant acceleration of 
the panicle varies as the square of the radius of curvature. 

Ex. 20. A point describes a parabola in such a manner that the velocities at 


a distance r from the focus is ^r-~c'y where /, c arc constant; prove 


that Its acceleration is compounded of f parallel to the axis and / - 7 - along the 
ruvlius \cclor from ihe focuv 


CHAPTER I 

rectilinear motion 


II. Motion in a straight line with constant acceleration. ^ 

particle moves in a straight line with a constant acceleration f, starting 
Jrom some point in the line with a velocity u ; to (hscuss the motion. 

Let O be a fixed point on the line, 
not necessarily the starting point of the f 

particle and let P be the position of the n 3 d 

particle at time t and let OP=s. ^ ^ 

HiirTn acceleration of the particle is i in the sense OP pro¬ 

duced hence the equation is 

s=f. 

Integrating this equation with respect to /, we get 

s~fi-\-C^ where C, is some constant, 
i.e., v=^- 5 =//-f C,. 

Initially when t — 0, it is given that v — u 

hence w=0-fC, i.e. C, u. 

we get v = 5 -«^/r . 

Integrating ( 1 ) with respect to t, we get, 

= where C^ is a constant. 

If the particle starts from O, say, then when t~o, s—o. 

so that O^o-f-C. C 2 = o. 

Hence Kj> . , ^2) 

then a=o \ C^, C 2 =rt, 

Hence .r = «H »/ I A . , 3 . 

From equations (1) and (2), we have by eliminating /, 

V^ = (u )//)- = //2-f 2(//i' f/2/2 

^tlH-2ft(ut I 

= "■'' 2 / 5 . . ( 4 ) 

This equation can also be obtained as : 

Instead of taking the acceleration as 5 , we can take it as v 

r/v 

hence the equation isv f 

as ■' 

Integrating this equation with respect to s, we get, 

where Cis a constant. 


(4) 
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Initially when s=o, v=u 

iu2=o-{-C 

hence 

i. e. v2=u®-{-2/s 




• • « 


( 4 > 


Ex. 1. Two cars start off to race with velocities u and v and 
travel in a straight line with uniform accelerations a and if the race 
ends in a dead heat, prove that the length of the course is 

2(w—v)(wjS—va) 

■■ 

Dead heat means that the cars cover the same distance in the 
same time. Hence if s be the distance and / the time, we have 

s=ut-\-lat^ 

SLnds=vt-{’l^t“ 

ut+iat^=rl-{-ipr- 

p o 

Hence 2 w(m-v) , . 4a(M-v)^ 2(u-v)(u^-va) 

Ex. 2. If a point moves with constant acceleration, the space- 
average of the velocity over any distance is ^ -where 

X 1 3 

Ui and u., are the initial and final velocities and the time-average 

+ 

2 ■ 

If V be the velocity at a distance s from the starting point and S 
be the total space covered, then 

1 Cs 

Space-average of vclocity=-^J ^ 

1 r T 

and if Tbc the total time, time-average of velocity=-^J ^ vdt. 

Now if/be the constant acceleration, v=Wi+// and v®=Mi2-|-2_/3r so 

j _ 

that space-average=-^J ^ y,/Ui^-\-2fs ds 


is 


’^JfS [(»r+]. but u,^=u,^ + 2fS 


2 

3 


o <> 

“2—Wl- 


3 ‘ Mi+«a' ' 
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and time-average =4" ^ 

but W2 =«i+/T 


2 

2 


V- 


m 2 


Wa-w. 


Wa+w, 

2 


^iktarSl' ^*. moving in a straight line with uniform acceleration describes 

oisiances o, ^fwi ,n successive intervals of r, seconds. Prove that the accelera- 

describes successive equal distances in 


times t, then -1 

k « t. 


I 




?• particle moves in a straight line with constant acceleration and its 

« ^ (not necessarily the position at time ?io) 

SiV.?! r«pectively. Show that if /„ r*. tj from an AP 

whose common difference IS d, a^d a:,, a-j. x, are in then the acceleration is 

(aAi -V^a)* 

■ d» 

Ex. 5. A point moves with uniform acceleration and v., v., v. denote the 
average velocities in three successive intervals r,. Prove that denote the 

«.-w, ^ A-W, 

^+/r 

Ex. 6. Two points P and ^ move in a straight line .dP. The point P starts 
ihSTo^ !S velocity « and acceleration/, and at the same 

‘ ‘ with velocity «, and acceleration 7 • 

(« + «i) (/-/,)=8(/u,-/,«) 

^ pursues another man li along a straight road fh^.v 

^JraUon o'whflsiV^rV^^ ^ starts with velocity « and moves with consmm 
^icration a whilst B starts from rest and moves with constant acceleration 2 « 

Prove that, ,n order that A may catch B. u must be greater than w 2aa Find al"i 

how far each will have gone then and whenP will overtake^. ^ 

between two stations. A train starts from 
fnnf uniform acceleration/and moves for a time /. 

V! maximum speed V and then moves uniformly with speed 

tra^n of this time, break IS applied and the 

inH fi® n retardation r with which it moves for a time r, 

and finally comes to rest at the next station B at distant d. 

f —► V -► V < -r 


I 


S: 


B 


A C Z) - 

(3 

Journey consists of three parts, during which the motion is 
amlerated, j, during which the motion is uniform and s. during 
which the motion is retarded. * 
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alsjo and V=fi^ K/,. 

^ 2==^^2 

S 2 =Vh~^rt^^ SiM o=V~rt:i K=/-/3 and 

Thus d=\Vt^+Vt^+\Vt:,. 


Ex 1. The speed of a train increases at a constant rate a from 
o to V, then remains constant for an interval and finally decreases to 
0 at a constant rate j8. If / be the total distance described, prove 


that the total time occupied is ——(- — 4 -— 

V ^ 2\a ^ ^ 

Also find the least value of time when a=j8. 
Here and v=o/, = /S /2 



/. /= 




/. / = 


/ V /' 1 

F+ 2 


( a + 1 ) 


, V V 1 I 

= >■'- 2 C a +tJ 


whena=^,/=- 1 -—. This is least when —o, 

V a dv 


i. e. - 


I 


1 


hence t = 


2 4-- =0 

v* ^ o 


V _ 2i-_ 
V a ~ a~ 


i.e. v- = la 


. / V 

I.e. —= — 
V a 


Ex. 2. For of the distance between two stations a train is uniformly 

accelerated and for —of the distance it is uniformly retarded ; it starts from rest 
at one station and comes to rest at the other. Prove that the ratio of its greatest 
velocity to its average velocity is IH—J—i--— : I. 

m ' H 


Ex. 3. A body travels a distance ? in i seconds. It starts from rest and ends 
at rest. In the first pan of the journey it moves with constant acceleration f and in 
the second part with constant retardation t. Show that 




Bx. 4. A lift ascends with constant acceleration / then with constant velocity 
and finally slops under constant retardation f. If the total distance ascended is s 
and the total time occupied is t, show that the time during which the lift is ascend¬ 


ing 


with constant velocity 





Ex. 5. Prove that tlic shortest time from rest to rest in which a steady load 
ofP tons cun lift a weight of U’ tons through a vertical distance h feet is 



P 

• P-lf 


sees. 
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13. Simple Harmonic Motion. A particle is said to execute' 
Simple Harmonic motion if it moves in a straight line such that its 
acceleration is always directed towards a fixed point in the line and i- 
proportional to the distance of the particle from the fixed point. 

Let O be the fixed point on a line BOA and P be the position of 
the particle at time / where OP 
=x, so that the acceleration of 
the particle in the sense OP is 

Now the given acceleration 

is towards O and is proportioned to x. Let it be ;j.x, where [a is a 
constant. 


Since X is in the direction of OP produced and tjt.Y is towards O. 
the equation of motion is x— — [j-x. ... (1) 

dv 

Taking v ^ instead of x> we can write the above equation as 


dx 
dv 
^dx 


... ( 1 ) 


Integrating with respect to .v, we get. 



where C is a constant 


or — 

If A be the extreme position of the particle i.e. it is at rest at A 
i.e. when x-a, v=^o where OA -a, we get 
o = ~na'^A- C C- iw^ 
hence i'^ = ii(a‘ — x^). 

i.e. v=±-\/l^' Vd’-x- ... (2) 

If the particle moves from A towards O, v is negative 
hence x — — \/a^—,x'^. 

or =_-v/ \/d^~x-^ 

or dt - — . 

V d^-x - 


Inlcgraling we get >= cos ' ~ j c, where C, is a constant. 
Initially at A, t = o, x~a i.e. the particle started from A, 


then O cos ‘ 1 : C, /. C,=o. 

Hence V";/. /=:cos'*— 

or .x-tfcosv^;/./ ...(3) 

If the particle niove.s from () towards A, r is positive 

so that \/u- V-' 
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or 






Integrating, we get, 'x/pi- /=siii C 2 where Co is a constant- 


If the particle starts from C, t=o, x=o. o=sin ^ o+Qj 
C2=o. 

so that x=a sin\^ ti.- ^ ••• 

Thus the solution of (1) is x^a cosa/ iiJ or x=a sin V [i t 
according as the starting point is A or O. 


From (2), v=o when .v= ±a. 

Thus if 5 is a point on the other side of O such that OB=OA^a, 
the particle comes to rest also at B. When x=o v=±Vt<"^. 
i.e. at O, the velocity is \/ \L.a. 

Consider the solution x=a cos \/ 

The motion starts from A under an attraction towards O. When 


the particle reaches O, .v=o. cos \/(x. /=£). 



i.c. ^ is the time required in moving from A to O. 

As the particle reaches the attraction ceases but the particle 

has a velocity \/ fx.n towards the negative side of O hence the particle 
passes O and moves towards the negative side. As soon as the 
particle comes to the left side of C, attraction changes direction and 
becomes towards O hence the velocity will go on decreasing as the 
particle moves towards the left, till at B, the velocity becomes zero 
so that the particle stops. But the particle is being attracted towards 
O hence starts moving towards O and reaches O with a velocity 

\/ (x.a, due to which it passes O and moves towards ^ and again 
slops at A where its velocity becomes zero. The motion is then 
repealed. Thus the motion is from A to B and back to A and so on. 
The motion is oscillatory* Time from O to 5 is equal to that from 
A to O hence the period i.e. the time from A to B and back to A 

is 4 ^ ?—• The distance fl, (=0/1) i.e. the distance of the 

2\/ (X V y- 

centre from one of the positions of rest is called the amplitude. 

Thus the period which is equal to - — is independent of the 

V 

amplitude i.e. whatever be the amplitude the period is the same. 
Thus the simple harmonic motion is oscillatory and periodic, the 
period being independent of amplitude. 
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The frequency is the number of complete oscillations in 
second, so that if « be the frequency and T the periodic time, 



one 


The equation (1). namely .v== — :j^-v, can be solved as a differential 
equation. The most general solution of this equation is 

cos 5 sin ^ ri ••• (5) 

Ay B are constants to be determined from initial conditions. In the 
first case when the motion starts from /I. tlic initiah conditions are 

r=0, 

Now /=0, x=a gives a-A. 

Differentiating (5), a = sin \cos '■■■(6) 

The condition/ — O. .v = 0 gives 0 = 0- B\ y. B—Q. 


Hence the solution is x—a cos v'y.r. 

In the second case wlien the motion starts from O, the first con¬ 
dition is/=0, a: = 0, 0=-l. A=0. 

hence. .Y=5sinVy./. 

To determine B, we must know the velocity of projection 
from O. 


Let us take the case of a particle, projected from A with velocity 
K along 0/1 produced, so that the initial conditions are / = 0, x = (i. 

x=y. 

Hence from (5) and (6). wc gel 

a=A 

, y 

V=B\^\i. B= 


V V- 


hence the solution is .Y = rt cos ^^y .H sin 

\ 

Also the general solution of (I) can be written as 

x=u cos W\>.1 'f£). 

This is also periodic with period . 

V 

The quantity £ is called the epoch, the angle Vy..H-£ is called the 
argument. The particle is at its maximum distance at time where 

V /(, -*'£ = 0/.e./o=— - . Hence the time that has elapsed 

since the particle was at its maximum distance is equal ^ 

_ Vi'-iA-i 


V 


This is the phase at time /. 
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A geometrical representation of the S. H. M. 

Let a particle P move on a circle with 
constant angular velocity and let M be the 
foot of the perpendicular from P on any dia¬ 
meter OA. Ua be the radius of the circle, the 
only acceleration of P is towards O. 

If l^AOP—f) and OM=x^ the component 
of this acceleration along OA 

= cos — =o>*tc towards O, 

a 

Hence the equation of motion of the point M is 



X=-(^\X 


This is S. H. M. 



Thus if a particle describes a circle with constant angular velocity 
the foot of the perpendicular from it on any diameter executes a simple 
harmonic motion. 

Ex. 1. Show that, if a smooth straight tunnel be cut between pny 
two points on the earth’s surface, it would be traversed by a particle 
starting from rest under the action of gravity in about 42| minutes. 

Let O be the centre of the earth, AB the 
tunnel and OC perp. from O to AB. 

Let P be the position of the particle at time / 
where CP=x. 

As the force of attraction inside the earth 
varies as its distance from the centre, the force on 
P=[x.PO along PO, 

Its component along PC=^\i.PO. cos OPC 

= '^PO. ^=(.Ar 

Hence the equation of motion of P is —jxa*. 

T - ^TT 

It IS S. H. M. of periodic time 7'=^7~. 

•TT 

time from A to B—\ T= / vr • 

V 1^ 

Now attraction at /t is ? so that (xa=g, where o=earth’s radius. 

- f 

'4000 X 1760 x" 3 

32*2. 


Required time= 


=3-1416 


V 


secs.=42J minutes nearly. 
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Ex. 2. If in a simple harmonic motion w, v, w be the velocities 
at distances a, b, c from a fixed point on the straight line which is not 
the centre of force, show that the period T is given by the equation 


47r* 

jT" 


ib—c)ic—a)ia—b) = 


u 

a 

1 


w 


b 

1 


c 

1 


Let the intensity of the force be [jl and amplitude be A so that 
velocity at distance x from centre of force is given by 

Let d be the distance of the fixed point from the centre of force, 
Hence 

and T= 

={^[A^—(e -f- d)^] 


l-n 


• • 


(^ = 


Au' 

jl 


Thus 


and 


U‘ 

(A 

(A 


■i-a*-\-2ad-\-d^—X^ = 0 
+6*+2W+^/^-A2=0 
+ c*+2c</+f/*-A*=0. 


Eliminating d and A*, we get 


(A 

(A 


a 1 


h 1 


or — 


1 


«* a 
V* b 
w* c 


+ 




=0 


a 

h 

c 


=0 which gives the answer. 


Ex. 3. A body is attached to one end of an inextensible string 
and the other end moves in a vertical straight line with n complete 
oscillations per second. Show that the string will not remain tight 
during the motion unless 

/I* < ^ — 

^ 4TT*a 

where a is the amplitude of the motion. 

The maximum acceleration of the upper end executing 5. M. H. 

O 1 

is [la and its time period is T= ^ - 

477* 


Via 


Also 7’= 


n 


hence (i.= 


T* 


=47r*n». 
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SO that the maximum &cc.=ATi-n-a. 

The maximum acc. of the particle is g which is po.isible when the 
string is not tight hence the string will not remain tight if the acc. 

of the upper end is greater than " 
i.e. if 47T-/r<2 > ? 

i.e. the string will not remain tiaht if not n- • ' , 

Ex. 4. A particle P of unit mass free to slide on a straight wire 
is attracted towards a point O of the wire with a force J..OP. If the 
wire be made to revolve about O with constant angular velocity o) in 
a horizontal plane, show that the motion of the particle on the wire 

is simple harmonic with a period . provided o- < u. ; and 

prove that when ci- = ?.;z, the path of P in space is a circle. 

When the wire has turned through 

an angle let P be the position of the 
particle where OP^r so that attraction on 
P= xr towards O. 

Equation of motion of P is r—rO'— — \xr 
But ^=!Constant = <> /. )• —rco-=—fzr 

or i = — {-x-uj-)r 


This is a S. H. .\f. of periodic time if -x > o- 

\ 'X — co¬ 
if !j=2to- then the equation becomes >■=■—CO*/- 
solution of which is r=a cos (co/- e). 

But ^ = co 9 = u)/-rC. But C- 0 since 9 = 0 = /, 

hence / =u cos (9—e) w'hich is a circle. 

Kx. 5. A particle is performing a 5. W. .V. of period 2' about a centre O 
and it passes through a point P(f>F = h) with velocity ■ in the direction OP ; prove 
that the time which elapses before its return to P is 

T ^ ~] vT 

2 .6' 

Kx. 6. A point in a straight line with S.If.M. has \elocities v. and I’j when 
its distances Ironi the centre arc x, and j j. Show ihat the period of motion is 

V 

Ex. 7. A point cxecuccs S.H.M. such that in two of its positions the velo* 
cities are », v and the corresponding accelerations are €t. ^ ; show that the distance 

between the positions is — „ , and the amplitude of the motion is 
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_ Ex. $. Show that in a the average speed and the average accelera¬ 

tion (in magnitude) are obtained by multiplying their maximum values b> 0 637. 

Ex, 9. In a of amplitude n and periodic time T. prove that 



27 r-t 2 - 

T 


Ex, 10. A particle rests in equilibrium under the attraction of two centres 

of force which attract directly as the distance, their intensity being ;a. ; the 

particle is slightly displaced towards one of them. sho\\ tliat the time of a small 
oscillation is 

«i 



Ex. II. .\ particle P moves in a straight line Of P being attracted by a force 

W(.i. PC. always directed towards whilst moves along f >C with a constant 
acceleration/. If initially (' was at rest at the origin O, and P was at a distance ft 
from O moving with velocity T’, prove that the distance of P from O at any time t is 




r 

sin 

\ /- 



14. Hooke’s Law. If an clastic siring is Ii\cd at one end and 
pulled at the other, it is found to increase in length. This c.xtension 
is directly proportional to the product of the tension and the natural 
length and inversely as the area of the cross-section. Thus if .v be 
the extension, / the natural length. . I the area of the cross-section and 
T the tension, then 



or T—.\ 


.i.\ 

/ 


where A is a constant depending on the material of the string. 


If vve lake ,'l = unit area, then T=.\ '^ : 

i.e., the tension of an clastic string is proportional to the extension. 
This is Hooke’s Law and A is called the modulus of elasticity. 

(a) Horizontal clastic string. One end of an elastic string is 
fixed to a point on a smooth horizontal table and to the other end a 
particle is attached ; the particle is pulled out to a distance and then 
let go ; to discuss the motion. 


_ _ _ ^ 

BA 0 A T P B 

Let O be the fixed point and a the natural length of the siring 
( = 0/1). Let the particle be pulled out to a point B where Ali -h 
and then released. 

Let P be the position of the particle at any subsequent time (, 
and let AP=x, so that x is the extension at time t. 

If r be the tension of the string towards A, then by Hooke’s 
Law, 

T=X where A is the modulus of elasticity. 
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If m be the mass of the particle, the equation of motion is 


i.e. 



A 

or x= — — X. 

am 

This shows that the motion is simple harmonic about A* 
The period of oscillation=27r 



Writing the above equation in the form 
and integrating with respect to .v, we get • 


v2 


where C is a constant, 

f.e. v2=- 


am 


x^+C. 


dv _ 

A 

1 ■% — 

^ dx 

am 

_ A 



am 2 2 


At the extreme point B where .v=6, v=0 

When the particle reaches A, for which .v=0, »’= a / —^ . b. 

V am 

As soon as the particle reaches A, the string gets back its natural 
length, consequently T=0 and therefore simple harmonic motion 

ceases but the particle has a velocity b \ / ^ ai A and hence with 

V am 

this velocity the particle moves backwards till it comes to a point A* 
on the other side of O where OA’ =^OA=a. 



am 

hence v2= —- 

am 


This velocity remains constant throughout as the string remains 
slack and hence the time taken by the particle to move from A to A't 


a distance=2r/. 



As soon as the particle goes beyond A', the string becomes 
extended so that the tension comes into play and the motion is again 
simple harmonic till the particle reaches a point D' where OB'—OB^ 
where the motion stops. The particle then retraces its path under 
S. H. M. till it comes to A' and then under uniform motion till the 
point A and then again under S. H. M. till the point B where the 
motion again stops. This motion is repeated. 
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Thus the motion from B \o A, A' Xo B , B to A and -^_to B 
is simple harmonic and the total period for which is ■ 

4fl / ~am 


The time from A Xo A' and from A' Xo A is 


V 


Hence the total time for one complete oscillation is 

^■V r 


am 

A 


Ex. 1 . A particle of mass m executes S. H. M. in the line join¬ 
ing the points A and B on a smooth table and is connected wi h these 
points by elastic string whose tensions in equilibrium are each I , 

m 11 where /, /' 


w. 

show that the time of an oscillation is 2tt a/ 


are the extensions of the 
strings beyond their natural 
lengths. 

Let a, b be the natural 
lengths of two strings and 
O the equilibrium position 
of the particle. 


A 


T 


0 


1 


A 


% 


b^i 

T2 




o ^ r 




In equilibrium position 7’=A —= A 


(I) 


When the particle is slightly displaced from O. let P be its posi¬ 
tion at time t where OP=x. 

Then if Ti, be the tensions in the strings PA and PB, v^c have 


7',=A 7'2=A ^ 

* a n 


Equation of motion is mx—Tt—Ti from(l) 

= — Tx Qy ^ * ’ 


IX'. x = 


Til r /') 


X. 


m / /' 

This is a S. H. M. of periodic time 27r 


V 


m / /' 

n/H /') 

Ex 2. A particle m is attached to a light wire which is stretch¬ 
ed lightly between two fixed 
^ points wiih a tension T. If 

I a, b are the distances of the 

particle from the two ends, 
prove that the period of a 
small transverse oscillation 
of ni is 
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V 


mab 

T{a-^b) 


'Vhen the particle is slightly displaced at right angles to AB and 
IS at a position P at time / where OP=x, the tersion T remains 
practically the same. 

Sum of components of two T’s along 
PO= 




other 


terms. 

Hence the equation of motion is 


)/} 


i.c. 


Tio^h) 


1 

h 




fj-b 

at 


X 




mab 


Tliis is a S. H. M. of periodic iime=2n-A / 

V Tya^h) • 

n the length of the ire be given./t'. a-b is given, then time 
period is nniximum when <//) is maximum, i.c. when a^b. Hence 

when the particle is 

4^ittiichtd to the middle point. 

-ind i-J UctMn modulus A is sireiclied to double its length 

.inu > IH.U lo mo fned points distant 2</apart. A panicle of mass m tied to its 
middle point, is displaced in the line of the string through a distance equal to half 
us disian.-c from ihc fised points and released. Prove that the time of a complete 

o>cinaiion is - ^ and the ina\imum \cIocity is 'vhere A is 

tlic inoduhis of clasiicii} . 

thtough^. di,iance,(\ ^ \ /, ^ periodic time 7 :(^ „ -fx-'i) 

X ni ,\. uluMC A IS the modulus of c.ich string. ^ 

Lx. 5 The panicles of masses and arc li d to the ends of an elastic 

so"tl" 1 " h" ;nnL'r:?u.n u ^nT‘xel°"," 

non, „V Pro,o ,„a, ,„e 

-[r//n,ma A (n;,-- m^) j-‘ . 

(A) Vertical e/astic string. A particle is suspended from a fixed 
point by :ui clastic string ; to discuss the motion. 

O is the fixed point. OA a the natural length of the string. 
A particle of mass m is attached to the free end and hangs in equiU- 
bnum at adcpih b below and is at B so that AB^^ b ^ 

If To be the tension in that position then 
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i.e. X—^=mg ... .- (I) Q 

The particle is then taken to a 
depth c below B to the position C so 
that 5C=c and then released. q 

Let P be the position of the particle 
zt any subsequent time / when 
BP=x; so that if r be the tension in A 
that position 

7'=A~i^ =njg+ from (I) 

The equation of motion is 

^ Xx 

mx^mg — T=mg—mg~ — 



ie. x=-~ 


am 


X, 


...( 2 ) 


This is a S. M. H. having B, the position of equilibrium, as the 
centre of oscillation. 


- V 




from (I) 


The amplitude of this S. H. M. is c and if BC 'AB i.e. c<l\ the 
motion is completely simple harmonic about the point B. 

If however oh, the particle in its upward motion goes above A, 
but at A the string gets its natural length and so the tension becomes 
zero hence the S H.M. ceases, but the particle has a velocity at A 
with which it rises against gravity. 

Now integrating (2), we get 


v2 = C —- a-2=C- 
am 



where C is a constant. 


But when .v=c, v=0 


0 = 



hence (c-—x^). 

Hence at /I, where x=—h, 


v2=-|- 


This is the velocity at A. 

Hence the height through which the particle rises above A is 

v2 _c^-b- 
2g 2b 

This will be the case provided the height risen above O does not 
exceed a, the natural length of the string, otherwise the motion again 
bwomes S. H. M. 
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Hence the condition 


. c^-b‘ 
2* 


< 2a i e. c^<b^-\~4ab. 


Ex. 1 . A light elastic string of natural length / has one extre¬ 
mity fixed at a point A and the other attached to a stone the wei^t 
of which, in equilibrium, would extend the string to a length ; show 
that if the stone be droppedjrom rest at Ay it will come to instanta¬ 
neous rest at a depth V/j®—below the equilibrium position. Prove 

also'that if the greatest depth below A he I coi^ the modulus of 

elasticity is | /ng raa^ Q. 




I 


B 

T 

P 




Let P be the position of the particle at time r, where 
P — X # 

The equation of motion is mx=mg—T 
=mg—X —. 

In equilibrium postion, ^=0, x—/, 

0=mg~ 

Hence mx=mg~ {x-f) =- (x-Zj 

g 


i.e. x^~ 
Integrating this equation we get 




where C is constant. 


Now the simple harmonic motion begins when the particle has 
fallen freely through a distance / so that when x=/, x^=2gi 


2sl=- (/-/ij'+C 

C^2gl-g (/-/,)=g(/ + /i) 


or 


Hence (x-/,)^ 

The particle will come to rest when ;c=0 

(-v-Zir-^C/r-O 

i.e. -V—which is the answer. 

Further if the greatest depth below the centre be / cot^ we 
have 
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or 


/j2-/2=/2 cot* ^ +/,2-2 / ly coi^ 


« • 


u= 


I 


l^cot 


4 © 


CO/2 & 


e 


Hence A 


, 2mg col- ^ 

= /"^/ ft V 

^ 1 - co/2 ^ J 


Ex 2 A heavy panicle is attached to one end of a fine elastic siring, the 
olherendofwhich is fixed. The unsiretchcd length of is a and lU 

modulus of elasticity is n times the weight of the particle. The Pf 

vertically downwards till the length of the string is « andis^thenlct go from rest 

Show that the time till it returns to this position is 2 (-;^)' (tt— 0 + e‘ + tan 9 
— tan ©*) where 9 and 9^ are positive acute angles given by 

sece= sec26(' = sec2e—4«. 

a 

When the depth of the panicle below O is x we have 
inic 




i.e, X— 


•« * 


... (i> 


n + l 


X — 


n 


a=>A cos 






When ^=0, and x=^0 


giving 


n+l / . n + l \ A /n(j 

Whenx=a, we have 

U. ]. cosiy'^^ 


/ 


. t 


sec 9 cos 




• • 


cos 


V"-fe V"! • 


/= n — 9 


... (2>- 
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Integrating (I) with the condition x=0 when x=a*. 


we have 




when x = n, x = u say 

„== « y -4 \ =«" ,an» 0 

o Lv n J n- f ft 

The particle with the velocity « goes against gravity till a height « above 0. 
Then velocity v is 

v'=:u-~4(ig= tan- 0 —4'ig= tan- 

n n 


Time to this point is 

”y"“ (tan (9-tan ©’) 

The motion thereafter Is gi\en by 

m ,v T—— 

ftp / . ^ \ 

.V=-— -1 T—riH-) 

a \ /t / 


... (3) 


.V —a 
o 


.r — a f 


a 


H 


-A COS 




f- B sin 


v'ith conditions/ — O. 


.% t--r = 




fl 


ft 


ft — 


n ti 

Hence .v- O gives 


cos 


V'-f^V^-' 


thice. 


■■■V-"^'. 

Hence from (2). f3) and (4|, v\e get the answer being twice the sum of the 


Kx. 3. An elastic string without weight of which the unstrctchcd length Is/ 
and ttic modulus of elasticitv is the weight of ». o7. is suspended by one end and a 
man of m o/. is attached to the other. Show that tl>e time of a small vertical oscil¬ 


lation is 2“ 


Kx. 4. One end of an clastic suing is fixed and to the other end is fastened 
a panicle heavy enough to stretch the string to double its natural length a. The 
siring is drawn vcriicallv'dow n till it is four times its natural length and then let 
go. Show that the panicle returns to (his point in time 


Vf(= 


N 3-i- 




l£x. 5. .A light clastic string of natural length / is hung by one end and to 
the other end are lied successuelv particles of masses »M and m'. If 2’ and T' be 
the periods corrcspondinc to these weights and «/,«'the statical extensions, prove 
that 

(7 -- 2 
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Ex- 6. If /i and are the periods corresponding to two different weights 
attached to an elastic siring and c,, the statical extensions due to these weights 
prove that 

(^1 = 4<* ^(r, — c,). 

Ex. 7. Two bodies M and M' are attached to the lower end of an elastic 
string whose upper end is fixed and are hung at rest; M' falls off; show that the 
distance of M from the upper end of the string at time t is 


a+6+c cos 


(V^-') 


where a is unsireiched length of the string, h and c the distances by which it would 
be stretched when supporting .1/ and M' respectively. 

Ex. 8. Two particles of masses M and 2M are connected by an inextensibic 
string passing over a smooth peg. From the particle M another equal particle 
hangs by an clastic string of natural length o and modulus Mg. The system is 
initially supported with the strings vertical, the first being taut and the second at 
its natural length and then released. Show that the motion is S. H. M. with period 

7r(3a/j)i and the extension of the second string at lime l is « (I —cos {2/v^'7/3'i*}]. 


Ex, 9. One end of a light elastic string of natural length n and modulus 2mg 
is attached to a point O and the other end to a particle of mass w. The particle 
initially held at rest at O, is allowed to fall. Find the greatest extension of the string 

and show that the particle will reach 0 again after a time (7r+2—tan-» 2)v^ 2a/g . 

15. Repulsion from a fixed point varying as the distance from 
that point. 


X 




o 


O is the fixed point on a line and a panicle is under a force of 
repulsion from O. If f' be the position of the panicle at time / and 
OP=x, then the force of repulsion varies as x. 

The equation of motion is a = ;x.y. 

dv 


or 


d.x 


~ a.v. 


Integrating we get, where C is a constant. 

Let the particle start from a point .4 where OA = a 


then when .v=n, v- 0 
hence 


or 


or 


C-.-‘iaK 
V* a®) 

V ;/ V x^-d^ 


V 




dt = 


dt 
dx 


X A- \/ 

Integrating we get, y' {x . /=^log ^ ^ -f-/t 

where ^ is a constant. 

Initially when/- O, .4=0, 

hence log 


a 


or 


x-\ y/x^—a^ =ae 


=V . I 

W \1 .t 
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and therefore 
so 


— =ae 


- V ^ 


that {e^ ^ ^ ^ ^cosh v/ . r 

Suppose the particle be projected from the point A with velocity 
V towards O. 

Now the general solution of the equation x=y-x, 

x—A cosh V fx . t-\-B sinh V 
where A, B are two constants. 

The conditions are when /=0, x=a and x= — V 
The first condition /=0, x=£r gives a^A. 

Differentiating we get x=A\/ |x sinh \/ [x . t-\‘B\^ (x cosh V 4 

V 

The condition t=0. x= — V gives — V=B y' 1^ 

y 

Hence x=a cosh \ a . r — sinh \l . t 

V 

The particle will reach the origin when -y=0 /. e. when 

, , 0\/ |X 

tanh V jx . / = . 


In particular if V=a\ a , tanh V a . t=l gives /—cc. 

Thus the particle will be always moving towards the origin but 
will take an infinite time to reach it, i.e. will never reach it. 

Ex. A particle moves along the axis of x starling from rest 
at = a ; for an interval ti from the beginning of the motion the 
acceleration is—fx.v, for a subsequent time ^2 the acceleration is {xx, 

and at the end of this interval the particle is at the origin again ; prove 
that 

tan (/i jx) tanh (/^ \/ u- )=I 

[X.V IXX 

O B A 

Let A be the starting point, O the origin, OA=a ; B be the point 
such that time from A to B is /j and lime from B to O is and let 
OB^-b. 

The motion from A to B is given by .v=fl cos \/ jx , / 

so that time from A to B is given by b=a cos V jx /j, 
and the velocity at B is V where 

The motion from 5 to D is given by 

x=b cosh \/ |xr— ^- sinh y/ \i . t 
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hence time from B to O is given by 


0=b cosh v' [A . sinh \/ |x . 


tanh y/ (A . /j— 


(A _ 


Va^-b^' 


Also since 


cos V • ^=—. tan V • ti = y^- 

^ h 


Hence tan ia . /,) tanh (^/ [a . /j) = 


X 


\/ a^ — b^ 


- = I 


16. Motion under Inverse square law. A particle moves in a 
straight line under an attraction towards a fixed point on the line, 
varying inversely as the square of the distance from the fixed point ; 
to discuss the motion. 

Let O be the fixed point on the line and P the position of the 
particle at time r, where OP=x. _ 

If be the acceleration of the ^ x' ^ 

force of attraction on P, the equation of motion is 

[A _ • (A 

4 

X 


x= — 


or v^=- 


x‘ (ix 

Integrating with respect to x we get, 

2 (A 


v*= — -f C where C is constant. 
x 


If the particle starts from rest from a point A where OA=a \ 


then when x—a, v=0, 


hence 


or 




2(a 




.(I) 

Since the particle is proceeding towards O and x is positive in 
the direction OP, we have x = — 


i.e. 


7 - - V2ir,^ “ 


— X 

ax 


or 


Vv-*- 


V X 


dx. 


Va—x 

To integrate this, put x=a cos* 0 so that dx = ~2a cos Q sin 
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V 


COS 9 

sin 9 


. 2a cos 9 sin 9 cl9=2a cos® 9 d9 


=a(l -!-cos 29) d9 
Integrating we get 

V 2u , sin 29 

^t=a\ 0 + - 2 


=q\ 04- 


J 4- Cl, where Cj is a constant. 


Initially when ?=0, x=a, 0=0. 


Ci=0. 


Hence 


V 


... ( 2 ) 


Therefore the time taken by the particle to reach O is given 


by putting .y=0, 


V 


From (1), the velocity at x=0 is infinity. Thus the particle 
reaches the origin with an infinite velocity. As soon as the partide 
passes O and goes to the left of it, the attraction is directed towards 
O and the velocity goes on decreasing as the particle moves away 
from O and ultimately the velocity becomes zero again at a distance 
a from O to the left where the particle comes to rest. It then retraces 
its path, passes through O and comes to rest at The motion is 
repeated. The motion is thus oscillatory about O and the period of 
one complete oscillation is 


.3. 

•» 


3 

lita- 


4 

■ 2v' 2ti V * 

Illustration. Earth attracts a body outside its surface with a 
force varying inversely as the square of the distance from the centre 
and a body inside its surface with a force varying directly as the 
distance from the centre. 

From equation (1) above, the velocity at a distance x from the 
centre is given by v^=2fi. I — — y 


If the particle comes from infinity, a is infinite. 


V2 = 


On the earth's surface, attraction is g. 
where r is the earth’s radius. 




Hence 


V2 = 


Therefore on reaching the earth's surface, the velocity of the- 
particle is given by v®=.-— =2gr 
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i.e. 


y = ^2g/-=v'(2x32x4000x 1760x3) ft. per sec, 
=7 miles per second nearly. 


Thus a particle coming from infinity will reach the earth’s sur¬ 
face with a velocity nearly equal to 7 miles per sec. If the problem 
be inverted then we can say that a particle thrown away from the 
earth’s surface with a velocity of 7 miles per second will never return 

to the surface of the earth. 

Suppose the particle goes inside the earth's surface through a 
hole. As soon as the particle goes inside, the attraction becomes Xx. 

But on the earth’s surface, attraction is g 


Xr~g hence A= — 
6 r 


• • 


attraction on the particle at distance a* from the centre is 


f!X 


Hence the equation of motion is x—~~ 

Jv 


or 


If 

r 

_ gx 


dx 


0 

Integrating we get C. (3) where C is a con¬ 

stant. But for a particle coming from infinity, velocity when it 
reaches the earth is given by v^^-2gr. 


Hence when 


• » 


x—r, \^ = 2gr. 

2gr=—gr>rC 


C=3gr 


3gr- 


gx 




When the particle reaches the centre of the earth, a=0 

^J^gr. 

If the particle comes from a distance a outside the earth s surface 
its velocity is given by where on 

reaching the earth’s surface, v“ = 2/-^g 

Hence for the particle going inside the earth’s surface we have 
from (3) 2r*«(^4—L)=-*;'+C • ■ C=gr ^3- 






3- 
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i.e. 


V — 




• Ex. I.. If A be the height due to the velocity v at the earth’s 
surface, supposing its attraction constant and H the corresponding 
height when the variation of gravity is taken into account, prove that 

- 7 - — -^=— where r is the earth's radius. 
n H r 

When the attraction is constant and is equal to g, v^=2gh. 

When the attraction is ~ where 

A- n 

dv _ r^g 


the equation of motion is v 


A- 


so that 


'>»-V 

•* —' A 


V-^ ..r.-'-C 

X ' 


v =0 


If the particle starts from a height If so that when x=r-\-H, 


- 


2r-g 

rvH 


• « 




On reaching the earth's surface v~ ^‘^J 

2gh — 2r~g j. * which gives the answer. 

Ex. 2. Siunv that the time of descent to the centre of force, the 
force varying inversely as the square of the distance from the centre, 
througli llielirst lialf of its initial distance is to that through the last 
half as 7r-i 2 : 77 — 2. 


V 

dv 

dx 

!l 

1 

« • 

•1 

■>'7 

- (■ 

A 

when 

A* 

0^ y 0 c 

hence 

>1 

V 

*•(4-4) 

dx 

or - 7 — - 

dl 

— 

V a/ ' - 


2(7. 


a 


or 




^</( - 
a 


V. 


V 


dx 
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If /j be the time from a to and from a to 0, then 

_ fl/2 _ a 

V<rV"^JV 

a all 


^ dx 

-X 


\ . 


' ^ (7r+2), pulling x = a sin- Q 
4 


0 


Vv'^=-J V 


a 


TT 

T 


a 


a 


0 


/. time from ^ 


o=,,-,.=v« 

= v'v(^-4>'^; (-2) 

7 : 4-2 


Hence the required ratio = 

TT —2 

Ex. 3. A particle is projected vertically upwards from the 
earth’s surface wiih a velocity just sufTicient lo carry it to infinity. 
Prove that the lime it takes in reaching a height h is 

^ “I where a is the earth's radius. 

17. Motion under other laws of force. 

Ex. I. A particle moves in a straight line from a distance a 

towards the centre of force, the force varying inversely as 

the cube of the distance : show that the time of descent to the centre 
• ^ 

IS 

vir* 

The equation of motion is x ~—^ 


or 


dv 
^ dx 


iL 

.\4 


Integrating 




when 


x-^a, r=0 C—-^ hence v®={zr-!-——!r^ 




dx 

~dt 




— V \i. 


x/'a^ — x^ ■ 


ax 


since the particle is going towards the origin 
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^ — — 


ax 


dx. 


V a*-x» 

Integrating, if T be the time from x=a to x^-by we have 




ax 


Va*-x“ 


:dx 


=a^ J 


b* 


a 


a 


a\/a^—b* 


If 6=0, i.e. time to the origin= 


a 


a/ 


Ex. 2. If the acc. be 


dv 


» 


.u 1^ 

then v—r = — —^ 
dx ® 


. X 


Integrating 




■when .x=(3, v = 0 /. C=— 


hence 


! I 

fl® —X® 


8 , / 1 1 \ , fl® —X® 


dj_ 

dt 


= - \/3f4 


V _ .X* 


^ I 

fl® X® 


or \/ Sy. .dt — - 


i I 

c® X® 


dx 


— x^ 


If T be the time a to 0, then 

° i .i “ ,.i 




dx 


= f- x" 

J A / 


SyJ-J 

Put x—a cos® 0 so that dx=—3a cos* Q sin Q d0 

7tU 


dx 


we get y' 3 yT= J 3a® cos® 0 de = 2a^ /. r= 


V 3|z 
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Ex. 3. If the law of attraction be inverse distance, v 
Integrating v*=—2(x log x+C when x=a^ v=0 


dv 

dx 


X 


C=2\j. log a 
dx 


v®=2tx log 


a 


V 2(x • dt = — 


log 

dx 


a 

X 


V'°® ^ 

If T be the time from a to 0, then 

0 dx 

V2(i. 7*= - J^log ^ 


a 

Q — 

Put log or x=ae 


- - 

{ix — — 2aye ^ dy 


oc 


so that -s/ 2 [l- T = J 


2ae 


—y 


2 


\/7r 


dy=2a. 2 =o\/ti 


0 


r= 


Ex. 4. If the law of attraction be 

dv 


V t- 

<»■ ;-o 


■s—'C'+'S) 


so that 

when 

hence 


,.2 


= .(-x^+^)+C 


dt 

0 


© 

11 

> 

C-0. 


— V 

1 

> 


.V dx 

11 

M 

1 

f/i 

O 

O 

He4 

11 

TT 

a*—X* 

■ ~2 


a 



# 

# # 

T= 


a 

TT 

4V(.f 

Ex. 5. Prove that It is impossible for a particle to move from rest so that its 
velocity varies as the distance described from the commencement of the motion. 
If the velocity vary as (distance)" show that n cannot be greater than j. 

Ex. 6. A particle moves in a straight line under a force to a point in it 

varying as (distance) ^ : show that the velocity in falling from rest at infinity 
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to a distance a is equal to that acquired in falling from rest at a distance o to a 
distance 

8 

Ex. 7. A particle moves in a straight line ; its acceleration is directed towards 
a fixed point O in the line and is always equal to * » when it is at a dis¬ 

tance .-r from O. Shew tnat it will arrive at O with velocity « y' 6(7 after lime 

15 V 11 ' 

Ex. 8. A particle is attracted by a force to a fixed point varying inversely 
as the (distance)”. If the velocity acquired in falling from the infinite distance 
to a distance a from thecentre be equal to the velocity acquired in falling from 

rest at a distance a to a distance then 

Ex. 9. A particle moves in a straight line with an acc Icration towards a 
fixed point in the straight line which is equal to Ji.—at a distance x from 

X- 

the given point : the particle starts from rest at a distance a ; show that it oscillates 

between (hat distance and the distance - and the periodic 

'xa — A 


time IS 






{2a:jL-\y^ 

Ex 10. Show that the curve which is such that a panicle will slide down each 
of Its tangents to the horizontal axis in a given time is a cycloid whose axis is 
vertical. 

Ex. II. A parabola is placed with its axis vertical and vertex downwards: 

of down any chord to the vertex is equal to the time 

ot tailing vertically through a space equal to the parallel focal chord. 

Lx. 12. A panicle of ma.ss w moving in a straight line is acted upon by an 
attractive force which is expressed by for jr • . a and by f^j- ^ a, 

ft 

from a fixed origin In the line. If the particle start from rest at a distance 2a 
from the origin, prove that it will reach the origin with a velocity v''2ua and the 

lime taken is 


CHAPTER HI 
UNIPLANAR MOTION 
Projectiie 


18. The position of a particle in a plane is known if we know 
its co-ordinates referred to two fixed axes in the plane. 
equations of motion will be required in order to obtain the two 
co-ordinates which define the position of the particle in the plane. 
The two equations of motion can be obtained by resolving the lorces 
in^any two convenient directions at right angles to one. another. 

If the two directions are taken parallel to the co-ordinate axes, 

the equations of motion, as deduced from the second law of motion 
will be of the form 

m.x=X, and my=Yy 

where A', Y are the sums of the resolved parts of the forces acting 
on the particle of mass /«, parallel to the axes of x and y. 

Integrating each of these equations twice, wc have two equations 

containing four constants which can be determined from the initial 

conditions of the problem. From these two equations we then climi- 
nate t and obtain a relation between -v and y which is tlie equation to 
the path of the particle. 

Ex. 1. A particle moves freely In a semicircle under a force 
perpendicular to the bounding diameter ; show that the force varies 
inversely as the cube of the ordinate to the diameter. 

Take the given diameter as x-axis and the perpendicular diameter 
as>'-axis. The equations on motion are 

x= 0. and y = P 
if P be the force per unit mass. 

Equation to the circle is 

where a is the radius. 

Differentiating the equation with respect to /, wc get. 


xx+yy=-^ 

But x=0 .i=const.^c, say hence 

Dilfcrcntiating again with respect to t, we get, 

xx+x^+yy+y*—^ 




56 


A TEXT BOOK ON DYNAMICS 


~ P~‘ 

The negative sign shows that the force is directed towards the 
bounding diameter. 

Ex. 2. A particle is acted on by a force parallel to the axis 
of y whose acceleration is A jy and is initially projected with a 
velocity a\/X parallel to the axis of x at the point where y~a ; 
prove that it will describe a catenary. 

The equations of motion are 

^=0 and y— 

Integrating the first, we get .■u=const. 

Initially when/ = 0, :v=nv'A x=^av'X 

Again integrating, we get, .v=av ^ . /-f C 

Initially when /=0, x=0 C=0 hence x=a\^X . / 

The solution of the second equation y—Xy is 

y=A cosh \/A . t~-B sinh \/X . t 
where A, B are constants. 

Initially when 3;=0 A=a, B=0, 
hence y= a cosh ^X . r. 



Eliminating /, we get 


y=a cosh 



which is the required path. This is a catenary. 

Ex. 3. Prove that the parabola y®'=4oar can be described under a constant 
force parallel to the axis of ^ and a force proportional to y parallel to (he axis 

of a. 

Ex. 4. A particle is acted upon by a force parallel to the axis of y 

whose acceleration (always towards (he axis of a*) is ; and when w=a, it is 

_ y- 

projected parallel to the axis of a: with velocity prove that it will des¬ 

cribe a cycloitl. 

Ex. 5. A panicle moves in a plane with an acceleration which is parallel 
to the axis of 2 /and varies as (he distance from the axis of a:; show that the 

equation to the path is of the form y=Aa*-^Ba~^ when the acceleration is a 

repulsion. 

If the acceleration is attraction, then the equation is of (he form 

y=A cos(rtj-f/?> 

Ex. 6. If a rectangular hyperbola be described under a force parallel to an 
asymptote (he magnitude of the force varies inversely as the cube of the distance 

from the other asymptote. 


Projectile 

19, If a particle is thrown into vacuum then the particle which 
is thrown or projected is called the projectile ; the angle which the 
direction of projection makes in the plane of projection with the 
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horizontal plane through the point of projection is called the angle of 
projection ; the path which the projectile describes is called the 
trajectory ; the time taken by the particle to come back to the hori¬ 
zontal plane again is called the time of flight and the distance between 
the point of projection and the point where the particle strikes the 
horizontal plane again is called the range. 

To find the position of such a particle at any time t, we take the 
point of projection as origin, the horizontal and vertical lines through 
the point of projection as axes of x and and let P be the position 
of the particle at time t so that its co-ordinates referred to those 
axes are x and y. 

If u is the velocity of projection, and a the angle of projection, 
then initially components of velocity are u cos a horizontally and 
u sin a vertically. 

During the course of motion of 
the particle, it is being acted on by 
its weight only which is a downward 
force equal to mg, where m is the 
mass of the particle. Components of 
acceleration of the particle are x 
horizontally and y vertically upwards 
hence the equations of motion arc 

mx 0 and wy= —mg. 

i.e. ^=.0 .(I) 

and y^~g .(2) 

To find the path of the particle we will have to find x and y from 
these equations. Now integrating these equations with respect to /, 
we can lind x and y both in terms of / ; so eliminating t between these 
equations we can get an equation involving x and y only. That will 
therefore be the path of the particle. 

From (1) we have an integration 

jc=consiant Cj say 

To find c'l, we use the initial condition namely when it was pio- 
jeeted, we had 

t- 0, X horizontal component of velocity 
= u cos a 

hence c, = i/cosa x = ucosa .(3) 

If we again integrate this equation with respect to t, we get 
x=^u cos a.t-Hrj where Cj is a constant. 

To find c-i we again use initial condition namely when / = 0, .v —0. 
Putting these values in the above equation we find 

hence x=u cos a.t .(4) 

Similarly from (2), we have by integrating with respect to t, 
y = —gt + c_i where Cg is a constant. 
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To find Cj, we again use initial condition namely when /—0, 
y=vertical component of velocity—u sin a 

using these in the above equation we get 

% • 

c^—ti sina so that 

3 j=wsina—g/ ... (5) 

To find j, we again integrate with respecUto t so that 
y=u sina t — where r,j is a constant. 

Again to find Cj, we use initial conditions namely when /=0, y~0 
so using these in the above equation we find 

Hence v==m sina... .*• (6) 

The equations (3) and (5) give the components of velocity of the 
particle at any time r. We notice that the horizontal velocity x is 
always constant and equal to u cosn. 

The equations (4) and (6) give the values of .v and ,v in terms of t 
so that the path can be found by eliminating t from these equations 
so that wc have from (4), 

.V 

tf cos a 


Hence from (6). i =// sin a . • 

• 1 / cos a 




y=x tan « — A g 



ir cos- n 



This is therefore the equation to the path. 

Tiiis is seeti to be a parabola \^'ith axis vertical and vertex upwards. 
Thus!he path of the projectile in vacui/ni i.e. the trajectory is a 
parabola. 

The equation (7) can be written as 

2iT sin a cos a 2 m* cos* a 

•Y - - — 

a g 

n~ sin a cos a v cos- « f sin- a 

i V' 2.? 


* 9 

V- — 


V 




C‘- - 5“ “).(») 


Thus the vertex is the point .v 


M* S'n a cos a M* Sin* a 


g 


y 


2g 


and latus rectum — 


2m* cos* a 

g 


The negative sign on the right hand side of (8) shows that the 
concavity of the parabola is dovVnwards. 

The focus and the directrix. The vertex A and the focus S are 
on the same vertical line ASM such that 

2m* cos* a 

g 


.•15=](latus rectum) —!. 


M* cos* a 


2g 
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Hence the co-ordinates of the focus S are 


j: = samc as that oC A~ 


ir sin a cos a 
g 


ir sin 2a 
- - 


, cn^ AAA AC’ K" sin^ a M- cos- a I/- COS 2a 

v~SM=AM—AS - - - — ^ = — 

-g 2g 

Also the directrix of the parabola is a line Z..V, parallel to 0MB 
at a distance AN from A, equal to AS on the other side of S hence 
its equation is 


y = NM=AM -1-/4/V= 


sin- a 

2g 


cos^ a ir 



This is independent of a hence so long as the point of projection 
• is the same and u the same, height of the directrix is ihe same, that 
is, if particles are projected from the same point ^villl the same velocity, 
the directrix of each path n tll be the same. 


If 5 be the focus, then 05 = distance of O from the directrix 


u 


2g 


Also the tangent at O which is the direction of it. bisects the 


angle between OS and OY hence 


/SOX a-{ 2 -«) = 2«--|-- 

Time to the highest point. In the vertical direction the particle 
is moving under a retardation ^ so that the vertical velocity goes on 
decreasing. After a certain time /j >ay, it nuist be zero so that at 
that instant the particle has no vertical velocity, only velocity is 
horizontal and equal to M cos a. At that instant the particle is at 
the highest point of its path. Hence putting 

y 0 in y^ii sin u~~yt and l = f^ 

u sin u 

we gel /.= 

g 

This is the time to the highest point. 

Time of flight, fly dclinilion time of flight is the time taken by 
the particle to come back to the horizontal plane again /. e., i*' T 
be the time of flight then when /- T, y — 0. Putting these in the equa¬ 
tion >•- M sin a / —I 

. 2 u sin a 

we gel 

g 

Evidently T 2/j. proving thereby that the time taken by the 
particle from the point of projection to the highest point is equal 
to that taken from highest point to the horizontal plane again. 

Kangc. Hy definition it is the distance between the point of 
projection and the point where the particle strikes the plane again 
hence it is the distance the particle moves horizontally in lime T. 
Since the horizontal velocity is constant and equal ton cos a, we 


60 


A TEXT BOOK ON DYNAMICS 


, _ 2m sin a sin 2a 

have rangc=w cos a. T=u cos a .-=- 

S g 


This is maximum when 2a=7r/2 or a=-^. 

That is, the range is maximum when the angle of projection is- 
45® i.e., the direction of projection bisects the angle between the 

horizontal and the vertical and the maximum range is . 

g 

Also when a= T , the co-ordinates of the forces S are x~ -a , 

4 2g 

>’=0 I. c., the focus lies on the horizontal planes. 


To show that for a given velocity of projection, there are, for a given- - 
horizontal range, in general, two directions of projection which are 
equally inclined to the direction of maximum range. 

T~ . M* sin 2a 

ror a given u and a, the horizontal range is - - — . if u 


TT 

remains the same but the angle of projection becomesa, then. 

the horizontal range will be sin 2 —a 2a. 

Hence for the same range we have two angles of projection, a 

TT 

and _ —a. These two angles are obviously equally inclined to the 


angle e., the angle of maximum range. 

Greatest height. The greatest height H is obtained at that point 
where the vertical velocity is zero, evidently after time 

u sin a 

g 

hence H—u sin a —.1 g/. 

• ‘ 2g 

Velocity at any height. Let v be the velocity at an angle 0 with 
the horizon. It is evidently along the tangent to the path at that 
point. Then 

V cos o = x~u cos a 

V sin 0^y = u sin a — gf 

,ane=:^= 

X U cos a 

and 1-2 - u~ — 2u gi sin a+g®/" 

==u~~2g{u sin a t — lgt~) = u^—2gy 

To show that the velocity of a projectile at any point of its patlt 
ts equal m magnitude to that which would be acquired by it in falling 
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Jreely through the height from the directrix to that point i. e., the 
velocity is due to a fall from the directrix, 

we have 


v^—u^—2gy=u-—2g(\fN— PL) 

Ex. I. If particles are projected from the same point and in the 
same plane so as to describe equal parabolas, show that the vertices 
of their paths lie on a parabola. 

For equal parabolas, latus rectum is the same hence for all paths 
M cos a—constant^/f say • • • (0 


Now vertex of one path is 

u- sin a dbs a 

x= 

g 



sin^ 

2g 


a 


Tience from (i) 

K u sin a 

x= - 

g 


so that > = 


g 

2k^ 



which is a parabola. 

Ex. 2. If at any instant the velocity of the projectile be u and 
its direction of motion a to the horizon, then it will be moving at 

u 

right angles to this direction after the time — cosec a 


Let the velocity at any point be v at 
an angle Q to the horizontal then v cos © 
=u cos a 


V sin Q~u sin a — gi 


.*. tan 0 


u sin a — gt 
u cos a 


The angle between the two directions 
is(a—0) the condition of moving at 
right angles is a —0 = 7r/* or © = a —Tr/g. 


Hence 


— cot a = 


u sin a — gt 
U cos a 


— tan a 



gt 

u cos a 


gt 

* ‘ u cos a 


= tan a-fcot a — 


1 -1 tan- 
tan a 



see* a 
tan a 


u sec a u 
• /= - . = 

g tan a g sin a 

Ex. 3. If a be the angle between the tangents at the extremities 
of any arc of a parabolic path, v and v' the velocities at those extre¬ 
mities and u the velocity at the vertex of the path, show that the 

t.- .u sin a 

<ime of describing the arc is ~ 
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rf 0, 0' be the angles r, v' make with the horizontal, 

v' cos 0’ = y cos 
v' sin 0 '=v sin Q—gt 

pr' cos B sin @' = v' cos©'(vsin Q—gt)=vV cos0' sin Q~~v cos0' gt 
or vr' (sin Q cos ©'—cos Q sin ©')— v' cos ©'. gt- u. gt. 

i.e., vv' sin {Q- ■Q')^'Ugt 

, , vV sin a 

i.e.. vv sin a—uv hence/-- 

.5 

Ex. 4. If Vj, V., be the velocities at the end of a focal chord of a 
projectile’s path and u the horizontal component of the velocity show 

that -f- . 

v.r u- 

Let PQ be a focal chord. The tan¬ 
gents at P, Q meet on the directrix at 
right angles. If © be the angle Vj makes 
with the horizontal then makes 
^(90—©) with the horizontal hence 
resolving horizontally we have, 

V| cos Q~ u 
Vj sin Q—ii 

=cos“ ©+sih2© = l 
r,- 

I , I 1 

' V,- ■ V,- u- ■ 

K\. 5. . I and /Kttc projectiles describing parabolic paths under 

gravity. Provo tliai rclalisc to .1, B appears to describe a straight 
line uniformly. 

Two particles are projected at different times from the same 
point with the same velocity of projection and in the same direction. 
The first is above the level of the point of projection when the second 
is pr(\jcctcd. Prove that the two particles are closed together when 
the line joining llicm is horizontal. 

If A and B arc observed at one instant to be in a vertical line at 
a distance a apart and at another instant they are seen to be in a 
horizontal line at a distance b apart, prove that the shortest distance 

ab 4 A 

that occurred between them durins this interval was - . 

\'a--\-b- 

B moving in the same vertical plane. 

The horizontal velocities of A and B arc constant throughout. 
Both A and B have the same vertical acceleration namely g hence 
their relative vertical acceleration is zero that is, their relative vertical 
velocity is constant. Hence relative to A^ B always has a constant 
relative velocity hence relative to A, B moves in a straight line. 
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vcInH.'lfL h fi are projected from the same point with same 

velocity and same direction but at different 

times their horizontal velocities arc the 

same hence B has no relative horizontal 

velocity with respect to A. Its vertical n 

velocity relative to is constant hence ^ v/ 

moves in a vertical line relative to A 

The shortest distance between them is the ^ 

perpendicular distance from A on the path . ' \ 

of 5 which is a vertical line i.e., /f and^ 

are nearest when they are horizontal. ^ o Bz 

B, and 5, are the positions of B relative to A when in a vertical 

ine and ma honzonial line so that/f/i, AB.^h. Thus relative 

to A B describes the hypotenuse of the richt ancicd triancic ABB 
and the shortest distance is the perp. AM. Equation to B,^B, witli A 

as origin is — 1 

h a 


AM 


V 


\/a- \ h-'- 


6. If t be the lime in which a pmjcciilc reaches a nnim i> . 
projceiion!'s"l!owX/ihJ hcighi'‘ofabovcV/o^iJonial^^^^^^ IsT^fr 

projection is given by sin a 

V'3 

from .oinis^rT'"- "Vp'-- 

parabola when (inhc horizon al cLnn^ trajectories is a 

t/Othc initial verlicalcomponcm^ is the same 

flight of each is ihe same. ’ V the same, and (<//) the lime of 


point with equal ^dociircs same'^'v 

Prose ihalihc foci of all ihc niihs lie ?»? different direciinns. 

ascenirc. '* circle wiih the point of projcciion 

--pz.szj-z sti t.zz 


V.x.U. A panicle is projected wuh velocity « ond elevation 7 . ( , \ 

from a point O situated at a heiuht A above ih». • . . . 4 / 

movmg rigi,. angle, ,o i„ dirccion of projeedo; Xn in’ Wm ,l[ planfanc'r 
time t. show thiif / • _> . cos 2a 


{/ sin a 


and hs. 


2g sin' 
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Ex 13. Prove that the time of describing any portion FQ of the parabolic 
path of a projectile is proportional to the difference of the tangents of the angles 
-which the linear tangents at F and Q make with the horizon. 

Ex 14 Prove that if lines are drawn from a point representing in magnitude 
and direction the velocity of a projectile at successive points of its paths, their 
extremities lie upon a vertical straight line. 

Ex. IS. Show that the velocity at any point of a trajectory is that due to a 
fall from a height equal to one quarter of the focal chord parallel to the tangent at 
ithe point. 

Ex. 16. Prove that the angular velocity of a projectile about the focus of its 
path varies inversely as its distance from the focus. 

Ex. 17. A gun is fired from the sea-level out to sea. It is then mounted in 
a battery h feet higher up and fired at the same elevation a. Show that the range 
•is increased by 

y of itself, V being the velocity of projection. 

Ex. 18. Three particles are projected from the same point in the same 
vertical plane with velocities t>|, v,, v, at elevations Prove that the foci 

of their paths will be in a straight line if ^ 


.sin 2 (^ 1 —^•)=o. 


Ex. 19. Three tangents to a projectile’s path form a triangle ABC; the 

•velocities are « along BC, v along CA and w along AB. 

^ ^ BC CA AB ^ 

Prove that 4 - -I- - atO. 

» ‘ « ' u» 


V can 


Ex. 20. Show that the greatest height which a particle with initial velocity 
reach on a vertical wall at a distance a from the point of projection is 


V 


a^g 


2g ~2v*‘ 

Ex 21 A shell bursts on contact with the ground and fragments fly in all 
directions with all speed upto 80 ft./sec. Show that a man 100 feet away is in 

danger for ^,^seconds. 

20. Projection to pass through a given point. 

Let a particle be projected from a point O so as to pass through 
a given point A. If the co-ordinates of A referred to O as origin and 
horizontal and vertical lines as axes be (a, b) then these co-ordinates 
satisfy the equation 


y=x tan a —i 


gx^ 
cos* a 


« » 


i.e. 


ea- * 

b=a tan a —J „ 

M- C0S®0 

b=a tan a —J —-(1+tan*a) 


i.e. tan^a 


2 b * , , , 2u^b 

tan a-f-lH- 5 —— 0 . 

ga ga^ 
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This is a quadratic equation in tan a hence in general may have 
two roots say tan a, and tan provided these roots are real. Thus 
we may have two angles Oj and such that when the particle is 
projected from O at these angles, it may pass through the point A, 
The condition for real roots of this equation is 





which gives 

u*—(g^a^ + 2u^g b)^0 

or {u^—gbf~-(g~a^-\-g-b^)^0 

or u^—gb>g(a^-\-b^)^ 

or + 

This shows that when « is greater than {g(/> + v' + the 
particle will pass through A and when u is just equal to this value it 
may pass through A, that is therefore the least value of the velocity 
of projection from O ip order that the particle may pass through A. 

If / be the time taken by the particle from O to /I, we have from 

the equation x=u cos a/ 

and y=u sin ct t—igi^ 

a=au cos aty b=u sin a/—J g/* 
so that 6 + J gt“=u sin at 

Squaring and adding we get 

cos'^a sin®a=u-/“ 

or d^A-b^A-l g‘^t*-\'gbt^=-u^i^ 

or i 

This is a quadratic equation in /- so that if //, tf are the roots 
we have 


and 4 

g^ 

If r be the distance of A from O then 


hence 

or 



Ex. 1. A particle is thrown over a 
horizontal base and grazing the vertex 


triangle from one end of a 
falls on the other end of 
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the base. If At B be the base angles and a the angle of projection, 
prove that 

tan a=tan J + tan B. 

. Let u be the velocity of projection. 

" Evidently AB is the range on the hori- 

// zontal plane 

// ^ F> T> sin 2a 

// ^ i.e. AB=R^ - 

dJlyi ! n\ ^ be the point (xy). 


! flA 
M B 


tan ^+tan B= 


_ y y R 

X * R—x X ’ R—x 

_ , 


Buty=A: tan a—f . 

’ M* cos* a 


u* sin 2a 


hence tan /44*tan 5= [tan a—4 —: 

\ ^ M* cos* a) w* SI 


Z 

sin 2a 


—jf 


=tan aC\ - 9 ' I* 7-^-N 

V M* sin 2a y ^ 

«*sm2ay 


=tan a. 


Ex. 2. Two particles are simultaneously projected in the same 
vertical plane from the same point with velocities u and v at angles 
a and B to the horizontal. Prove that 

(/■) the line joining them moves always parallel to itself. 

(iV) the time that elapses when their velocities are parallel is 

tiv sin (a— 

g{v cos /9 —w cos a) * 

and (Hi) the time that elapses between their transits through the other 
common point is 

2 wv sin (a—/9) 
g{u cos a-\-V cos /S)' 

Let O be the point of projection, P(xiy,) and Q{x^.) be the 
two particles at time /. 

Then Xi = u cos at, y, = u sin at - 

Xa=v cos ^tt x^ = v sin 


/, slope of PQ= 

A *2 ^”^2 


u s in g—V sin 
u cos a—V cos 


independent of /, hence 
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same for all times / e. PQ remains parallel to itself. If Oiy 0> be the 
angles directions of motion make at time /, 

wsina —^ v sin 

tan @1 =- - and tan @,= „ 

u cos (I ^ V cos /3 


. , ^ ^ u w sin a — gi V sin fS—gi 

hence when = we have - - =-^ - 

U cos a V COS 

* 

iiv sin (a~ft) 

* * cos fi — U cos a)‘ 

The paths of the two particles are 

v = .v tan a —i 
•' ^ cos- a 

and y=,.xun p-i 

If (<3, /)) be the common point then b—a tan a —| .» — 

\ t / I *■ COS’ a 


and 


an*' 

b = a tan p—\ y .> ^ 


hence a tan = a tan p-i^, ^ 

ie. tan a-tan p=^\ gn( ^ ) .(1) 

If /j, /g be their limes to pass through the comnTon point then 
a = u cos a . r, also a = v cos fi . 

i = t.—r,=af * — ^ 0^1 .(2) 

‘ ^ V*' cos a V cos pJ ' 

Hence dividing (1) by (2) we get 

tan a—tan j, f * 4- * ^ ;?f» cos a+v cos/9) 

/ ’ \u cos ti V cos p J 2uv cos a cos p 

. 2nv sin (a —/?) 

hence (= , „ • 

g{ii cos .j V cos P) 

Ex. 3. Particles are simultaneously fired from the same point in 
different directions with such velocities as just to clear a vertical wall 
of height b and to fall into a narrow ditch parallel to the wall ; show 
that the particles all fall into the ditch at the same moineat. 


hence r = 


Let u and a be the velocity and an^'le 
of projection from A. 

PN is the wall and B the point in the 
ditch. 

AN=^a, AB c. say 

Let / be the lime from A to P and /' 
the time from A to B. 

Then a — u cos <ii 




68 


A TEXT BOOK ON DYNAMICS 


and 6=1/ sin at—lgt“ 

, , 2m sin a j , 

also t= -^andc=MCosa/ 


g 


a 




Now 


b^igf . i-ig,^=igr-(-L-i (^-£— 1 ) 

=>« (t-O(t)’'- 


r'2= 


2h 




Thus /' depends only on the ratio But the ratio 


AB 



~ is the same hence t' is the same for all trajectories. 


Ex. 4. Shots flrei simultaneously from the top and bottom of a vertical clilT 
with elevations a and ^ respectively, strike an object simultaneously at the same 
, point. Show that if a is the horizontal distance of the obj ct from the cliff, the 
height of the cliff is <7(tan —tan a). 

Ex. S. From a point on the ground at a distance x from the foot of a 
vertical wall a ball is thrown at an ancle of 45°, which just clears the top of the 
wall and afterwards strikes the ground at a distance y on the other side. Show 

(hat the height of the wall is ——— • 

x+y 


Ex. 6 . A particle is projected in a direction making an angle a with the 
horizon. If it passes lhrou>;h the point (a-,, y,) show that 


tan a = 



li 

' Ji-x] 


and that if it also passes through the point (x„ y,) then 

tan a = 

where R denotes the horizontal range. 

Ex. 7. A particle is projected so as to have a range R on the horizontal 

plane through the point of projection. If o, ^ are the possible angles of projec¬ 
tion and tj the corresponding times of flight, show that 


^sin (g —/3) 
+ sin (o -h/?)' 


Ex. 8 . From a tower an object on the ground was observed at a depression 
<?> below the horizon ; a gun was fired at an elevation a but the shot missing the 
object struck the ground at a point whose depression was Prove that the 
correct elevation 0 of the gun is given by 

cos® 9 sin 

cos a sin (n+^) cos® tfi sin 9 
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Ex, 9. The angular elevation of an enemy's position on a hill h feel high is 
P ; show thaUn order Jo shell it, the initial velocity of the projectile must not be 
Jess than +cosec 

« I®' f minimum velocity required to project a narticlc fmm 

a height /* to fall at a distance d trom the point of projection is 

Ex. II. Prove Uiat if /„ be the times of flighi from a point ^ to a point 

Banda the inclination of to the harizontal, then z,* + 2rj/, sin a+/ * is 

independent of a: 

particles arc projected from the same point in the same 
vertical plane with equal velocities. If t, r'be the times taken to reach the other 

t^hiV"j 7 " 4 -^rr'* highest point, show 

tnai ii +( 1 indcpcndciu of the djrccuons of projcciioii. 

Ex. 13. The line joining C’to yj is inclined at an angle a to the hoii/on. 

Show that the least velocity required to shoot from C to IJ is tan times 

the least velocity required to shoot from D to C. 4 2/ 

Ex. 14 . A shot fired at an elevation a is objcrvcd to strike the foot of a 

tower which rises above a horizontal plane through the point of projection If G 

m tovver at this poipt, show that the clcvition required 

to make shot str'kc chc top of the tower is ^ 

i[0-fsin“*(sin 6-f-sin 2a cos @)]. 

<• 1*1*' ^ is projected from P so as to pass through Q the initial 

5wo pos'^Mc^i that the 

{{SP^ SQ ]-PQ)^-±{SP-\ SQ~PQ)l]_\/^ 

21. Range on an inclined plane. A panicle is projected xvith 
velocity u at an inclination « to the horizon from the foot of the plane 
inclined at an an^ih fi to the horizon. If the panicle is projictld in 
the plmie passing through the normal to the inclined plane and the 
hue of greatest slope, to find the range on the inclined phne. 

Let OX and OA be respectively 
tlie iiori/onlal and the inclined 
plane through the point of pro- 
jcclion O. The components of the 
initial velocity a along OA and 
perpendicularly are u cos (e. — ft) 
and 14 sin and the compo¬ 

nents of g along these lines arc 
-~g sin fi and ~g cos ft respective¬ 
ly. Take O as origin, OA as x-axis 
and tlie perp. line through O as 
/•axis. 

Let P be the position of the particle at lime t, co-ordinafes x, y ; 
the components of acceleration in those dircclions are y and y and 
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the components of the external force namely the weight of the 
particle are —mg sin j3 and —mg cos 
Hence the equations of motion are 

mx=—mg sin /?, my ——mg cos ^ 

or x——gs\n^y gcos^ .(I) 

Integrating the first equation with respect to /, we have 

sin c, where is a constant. 

Initially / = 0, x = u cos (a-^) c,-=u cos (a.-P) 

hence ;c=m cos (x—/?) —gt sin ^ ••• ( 2 ) 

Again integrating we get 

x=ut cos i7.—^)-lgt- sin where Cj is constant. 

From the conditions r=0, ,x=^0 we have ^,=0 

A'=w/cos (x —^) —Jg/" sin ^ ... (3) 

Similarly from the second equation of (1) we have on integration 

cos where Cg is a constant 

Using conditions / = 0, y — u sin (a—^), we get C 3 =w sin (a— 
hence 3 }^//sin (x—;3)—gf cos ^ ••• 

Again integrating and using r = 0. ;’=0, we get 

y — 1 //sin (x —jS)—cos/? ••• ••• (3) 

If the particle strikes the plane at A after time T then when 


t = T, y=0 

r= 


2u sin {x—/3) 


( 6 ) 


g cos (i 

This is evidently the time of flight over the inclined plane. 

Substituting this value of / in (3), we have 

2h sin (a-^) o sin= (a-J) 

.v=i/cos(a-/3) . gcos/J - ^2 <, 05 =/3 

=2»‘ sm («-/^) [cos (a-/S) cos p—s\n (a-jS) sin /7] 

g COS- p 

hr- sin (a -/3) , n . pv sin (a—fi) cos a 

= ^- ,,cos^ SCOS^P - 

This is the required range. 

To find the maximum, we note that g is constant and m, ^ arc 
gi^en so that the range is maximum when 

{sin (ft —/?) cos a} = 0 


da 


giving 


cos (a— /9) cos a -sin (a—^) sin a=0 


or cos( 2 a—P )==0 or 2 a— 


7T 
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or 


a = 


4^2 

2m2 


*u • -iM" cos^ a tr 

and the maximum range=- —— = _(I+cos2a) 

g COS‘ p g cos- ft ’ 

gcos~ft'^ ~ 5 (l-!-sin 

For the maximum range, a — ft=~ — ft 

i.e. the direction for the max. range bisects the angle between 
the vertical and the inclined plane. Now if 5 be the focus then the 
tangent at O also bisects the angle between the vertical and OS 
hence S must lie on the inclined. Thui u ln'n f/ie range on the inclined 
plane is max., the focus lies on it. Further in that case OA becomes 
a focal chord and the tangents at the extremities of a focal chord 
meet at right angles hence the tangent al. A is at riglit angles to the 
tangent at O. Thus in the case of max. range the particle strikes the 
plane at right angles to the direction of projection. 

Again if the range with the angle of projection Oj be the same 
as that with the angle a, then 

sin {a^~ft) cos a, = sin (a^ —cos 
sin ( 2 a, —^) —sin ft=s\n (2a..~ft)~~sm ft 
sin ( 2 ai~/i) = sin (2a.^~ft) 

2a^-ft=7T~{2a.i~ft) or a,= ~ + ^-a 2 . 

1 

2 


tr 


or 

or 


or 




TT 


4 


But 


( 


TT , 5 

T '^~2 


)- 


2 


Hence it 


^ is the angle for the max. range. 

^oWov^s \\vd\. for a given range with a given velocity, there are two 
angle.s of projection which are equally inclined to the angle of max. 
projection on the inclined plane. 

The equations (2) and (4) give the components of velocity at any 
point Pixy) parallel and perp. to the inclined plane. 

If the particle strikes the inclined plane at right angles 
hen evidently ;t = 0 when t-^T~ 

g cos /3 

«cos (a-^) = ^sin ft. 

geos ft 

giving cot ft = 2 tan (v. — ft) 

c- i r • . * n -» Ian a —tan ft 

Simplifying we get cot ^ = 2-,— .-. ' 

* ' 1 +tan X tan ft 

or cot ^ + tan a=2 tan a—2 tan ft or tan a=2 tan ^+cot ft. 
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If the tangent at P makes an angle Q with the horizontal and v be 
the velocity there 

then f cos 0=horizontal velocity=M cos a 

V sin 0=vertical velocity s=« sin a—g/ 

At the point A where the particle strikes the inclined plane 


/=r= sin ( a— 

g cos ^ 


^ ^ u sin a.—gT 

tan 0= -^— = 

u cos a 


u sin a— 


2u sin (a—/5) 
cos p 


U cos a 

^ _ 2 cos a sin p—sin a cos 

cos a cos p cos a cos ^ 

=2 tan p—tan a. 

Ex. 1. A perfectly elastic ball is thrown from the foot of a plane 
inclined at angle /9 to the horizon. If after striking the plane at a 
distance / from the point of projection it rebounds and retraces its 
former path, show that the velocity of projection is 


V 


gl (I +3 sin^ )3) 


2 sin ^ 

The ball will retrace its path only if it strikes the plane at right 
angles, the condition for which is 

tan a=cot j9+2 tan /3 or tan (a—cot 
Now / is the range on the plane hence 

2u^ cos n sin (n —/3) 

g ' cos^p 

cot p 


/= 


I+2tan*/? l-hsin-P .* / m cot 

But tan a —~^-—^ =-^—s -and tan (a —=s=-^ 

tan p sin p cos p ^ 2 

s\np cos p smp cos/? 


cos a = 


and sin (a—/3)=— 


\/ (1-fsin-/3)2+sin^/S cos -p 

cos p _cos p 



sin’^p 


Hence 


/= 


v cos=^+4 sin2/3" V 1+3 sin=;3 

cos p 


X 


U«=- 


2u^ __sin/S cos/3 

^ * VT+3~ sin^p ^ V I+3sin«^ 

2ii^ sin p 

g * 0 + 3 sin=p) • 
gl (1+3 sm^p) 

2 sin ^ 


X 


cos*j8 


Ex. 2. A stone is thrown at an angle a with the horizontal from a point on 
the plane whose inclination to the horizon is P (the trajectory lying in the vertical 
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plane containing the lioe of greatest slope through the point). Show that if the 
elevation above the horizon of the point of the path most distant from the inclined 
plane be 0, then 

2 tan 0 = ian a+tanj?. 

The point which is most distant from the inclined plane is the point the 
tangent at which is parallel to the plane. Hence the direction of motion there 

makes an angle ^ with horizon. Thus the point may be supposed to lie on an 

inclined plane of inclination 6, the direction of motion there making an angle /?• 

Hence from the result tan 0 = 2 tan /3—tan a where p is the angle of the 

plane, 0 the direction of motion, we have here 0 in place of P and P in place of 0 
so that 

tan /3 =2 tan 0 — tan cc 
2 Ian ©asian a + tan p. 

Ex. 3. A particle is projected from O at an elevation ct. Prove that there are 
two positions P on its path at which the direction of the velocity is perpendi¬ 
cular to OP. Prove that for real positions to exist, a is not less than cos“^ (i); 
also if in the two positions, OP makes angles 0i, 0-j with the horizontal, prove 
that 0i4-02 = a. 

This is the same as the case of striking an inclined plane of angle P at right 
angles, the condition for which is 

cot /^ = tan a—2 tan P 

or 2 tan* tan a tan ^ + 1=0 

For real roots tan»a ^8 or cos^x^l or cos 

Also if @ 1 , ©3 arc the two values of P 

then tan 0, + tan 0^ = “ and tan Oi Ian 62 = I 

tan ot 

(©1 + 02 )= — 5r =tan a ei4-0^ = a. 

Ex. 4. Prove that if a particle is projected from O at elevation a and if after 
lime t the particle is at P then 

tan /?= J ( tan a-}- tan 0 ) 

where p and 0 arc the inclinations to the horizontal of OP and of the direction of 
motion of the particle when at P. 

Ex. 5. A particle is projected at an elevation a and after l seconds it appears 
to have an elevation p as seen from the point of projection. Pro\c that the 

fit cos 3 

initial velocity was • / o\ • 

^ 2 sin (<x — p) 

Ex. 6. Show that for a given velocity of projection the maximum range down 

a plane of Inclination « is greater than up tlie plane in the ratio , ^ . 

I—Sill a 

Ex. 7. Show ihat the greatest range up an inclined plane through tho point 
of projection is equal to the distance through which u panicle could fall fre-jly 
during the time of flight. 
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Ex. 8. A particle projected with velocity u from a point on an inclined plane 
whose inclination to the horizon is a, strikes it at right angles. Show that the 


Stn a 


1 + 3 sin®a * 


2u^ 

range of the particle on the inclined plane is -— - • 

S 

Ex. 9. If from a point on the side of a hill two bodies are projected in the 
vertical plane through the line of greatest slope with the same velocity but in 
directions at right angles to each other, show that the difference of their ranges is., 
independent of their angles of projection. 

22. Envelope of the paths. 

For a particle projected with velocity u at an angle a, the path 


y=x tan a—J 




.2 


ti^ cos-a 


Differentiating this with respect to a we get 

O— X sec- a—tan a sec^a 

tr 


or tan a= 






Substituting this value of tan a in the original equation w'e get 


—-S l+-"\ ^ 

gX ” V J 


ir- 


e.Y- 


i.e. y= , 

2g 2 m - 


or 


2mV ^ 


u- 


i c. .\-“ =—4 A where//=--^ = height to which the 

Mdocity of projection is due. 


This is a parabola whose axis is vertical, focus is the point of 
projection and vertex is in the common directrix of the path. 


Now the particles projected with a given velocity will not go 
beyond a certain range in a given direction and this enveloping para¬ 
bola gives the maximum distances covered in the different directions in 
the same vertical plane. The particle can never reach any point outside 
this parabola and the maximum range along any line from the point 
of projection is its portion intercepted by this parabola. 

Ex. 1. If u be the velocity of projection and i’, the velocity of 
striking the plane w'hen projected so that the range up the plane is 
maximum and »o the velocity of striking plane so that the range down 
the plane is maximum, prove that u is a mean proportional between 
and Vo. 


The enveloping parabola is x-=~Ah {y—h) where h— 
the inclined plane is y=x tan p. 



and 
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Hence the points of intersection are given by 

y- cot^/9+4Av —4/j'^=0. 

If >’i> ^2 are the roots —4/j tan-/? 

;’j. ;- 2 =—4/r tan^/S 

Now Vi"=2g (A—and v/=2® 

Since the directrix is at a height /i 

V Vj.^=4g^ (/*—>’i) (^t~yo) = 4g- {/ 1-—/1 (>’i4-r^)+ri }•■>) 

=4g2 { /|2-f-4/,2 tan^ 3-4/i^ tan" fl } 

*’1 Vz=2gh=u~, 

Ex. 2. A particle is projected under gravity with velocity v 2 f/a 
irom a point at a height h above a level plane. Show that tJie angle 
of projection 0 for the maximum range on the plane is given by 

tan- 0 = ^^-—and the maximum range is /')■ 


The enveloping parabola is x- = -4h{y—h) 


where =a i.e. x^ = -4a(y-a) 

and the plane is y = 

The maximum range is given by Nalucs of 
equations, 

i.e. x=4o(//-f fl). 

i.e. the max. range is 2\/a{/i \ a) 

If 0 be the angle of projection. 


.V from these two 


->'=■* tan „ 

tr cos- 0 


where y = -h and x^2\/a(h-\ a) 
hence—// = 2 tan 0 y, a(h i a) - 5,?- 

i e. {h \ a) tan" 0 - 2 \ fl(/» * a) . tan 0 1 fl = 0 



or tane = y'^,;i^. 

Ex. 3. A shot is fired with velocity fropi the top of a 

mountain which is in the form of hemisphere of radius r. Show that 
the furthest points which can be reached by the shot are at a distance 
(measured in a straight line) (r — \/r‘‘‘ — 4r/;) from the point of pro¬ 
jection. 
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6 

X M 



directrix and PN perpendicular 


The enveloping parabola is 

x3=_4AC>'-/0 

where h=-sr=h, 

2g 

Its focus is the point of pro¬ 
jection O, vertex is A where OA=k 
and directrix is XM. 

Let this enveloping parabola 
cut the sphere at P so that OP is 
the max. range. Draw PM perp. to 
to COi C the centre of the sphere. 


Since O is the focus, PO=PM=XN=XO-{-ON 


—Ih+PO cos $. 


hence 


Also 


PO 



or 


PO=2r cos Q 

2 ^^ =2/i or i? ^1 — 
7?2_2r 7?+4rA=0 


R 

2r 


^ —2/i where R~PO 


R=r±\/r'^ — 4rh. 


The plus sign corresponds to the second point where the parabola 
cuts the sphere again hence the minus sign is to be taken 

R==r~y/r^~AHi, 

From this result it follows that the max. value of h possible is 

r 

^ when the two values of R become same and equal to r. In 


this case the parabola touches the sphere and the velocity of the pro¬ 
jection is V 2g.h ~ 2g. = v is f . The particle will then 

clear the sphere and the least value of the velocity of projection must 
be 


Ex. 4. A rocket fired vertically upwards bursts at its highest point A 
feet above the ground. If each fragment starts with the same velocity u, 
prove that all fragments on reaching the ground lie within a circle of radius 

g 

Ex. 5. Show that the area commanded by a gun placed on an inclined plane 

is an ellipse of eccentricity sin O', where a is the inclination of the plane and of 
focus the point of projection. 


23. IVliscellaneous Examples. 

Ex. 1. Particles slide from rest down the chords of a vertical 
plane curve, having its highest point as the pole and a horizontal line 
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through it as the initial line ; all these chords pass through the pole 
If the particles be allowed to move freely after leaving the chords 
prove that the lo^s of the foci of the subsequent paths is given by 

(^'2 ) where r~/(Q) is the equation to the curve. 

O is the highest point and OP 
sny chord. The velocity of the 
particle sliding from rest down OP is 
<lue to a fall from OX hence OX is the 
directrix of the parabolic path which 
begins from P, the line OPT being the 
tangent to this parabola. 

Draw ^OPS=Z,OPM and make 
PS==PM, hence S is the focus of the 
parabola. 

Join OS. The two triangles OPS and OPM are equal in all 
respects /. If s be the point {r\ o') then 0' = /iSOX =20. 

and r ~OS=OP cos 0 = r cos 0=/(0) cos 0 



hence the locus of 5 is 


-/(?) 

-K4) 


O' 
cos ^ 

9 

cos 


Particles are allowed to fall from rest under gravity 

nlcT vertical straight line along \arious rcctili- 

near chords. If they be suffered to describe parabolic trajectories 
alty leaving these chords, show that the locus of their foci is a circle 
and that of the vertices an ellipse. 

O is the fixed point and OP any rectilinear chord. As incx - 

ample I, OA'is the directrix of 
the parabolic path which begins 
from P with OPT as tangent. 

Mike /_OPS^COMP and 
PS = PM so that .S' is the focus. 

The tw'o triangles OPS and 
OPM arc equal in all respects. 

Di’-^DA/^constant -c 
Hence locus of S is a circle of 
radius c with O as centre. 

Draw SN perp. to OX and let A be the middle point of .9A^ 
ihiit A is the vci tcx. 

If A-*xy, then x=^~~0/V=^-0S cos SOX c cos 20. 
and y=AN^^ SN= { c sin 2© 
locus of A is x^-h4y^—c* 



so 


...an ellipse. 
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Ex. 3. If V v' v" are the 
velocities at three points P, Q, R 
of the path of a projectile where 
the inclinations to the horizon are 
a-2j3 and if/,?' be the 
times of describing PQf QR re¬ 
spectively, prove that 

, , 1 1 _2cosP 

V /=v/ , —4- 


Resolving horizontally and vertically, we get 
V cos a=v' cos (a—P)=v" COS (a —2p) 

and v'sin (a-p)=v sin a~g/ 

v" sin (a—2p)=v'sin (a —jS)—g/' 

. ±+ > = J- cos g 4-cos ( 1 ) 

-■ ^ cos (a—P) 


(0 

( 2 ) 

(3) 


V V' V 

_ I 2 cos (g-p ) cos P _2 cojj 
* cos (a—P) 

Also from (2) and (3) 

g/=v sin a—v' sin (oc—P) 
g/'=v' sin (a—P)—v" sin (a—2p) 

Multiplying these by v" and v respectively and subtracting we get, 

p(^y"_/'v)==vv“ sin a—v'v" sin (a—p) —vv sin (a p) 

^ -{-vv sin(a—2p) 

^ cos(a—2p) 

V sm (a—p) 


V cos a 


s=vv sin a 


cos («—P) 


cos (a —P) 

V sin (a— P) + vv'' sin (a 


2p). 


= vv’' [sin 


Hence 


cos a sin (a—P)_cos (a — ? P) sin (a P) 
a-- /- ■ cos{a— 


cos (a—P) 
=0 

/v''=/'v. 


•f sin (a-2^)1 


Ex 4 Prove that, when a shot is projected from a gun at any 
ancle of elevation, the shot as seen from the point of projection will 
appear to descend past a vertical target with uniform velocity. 

is the vertical traget. 


OB=ci. P is the position of 
the shot at any instant, OP is 
the line of sight cutting BQ at Q. 
To find the velocity of Q. 

Let BQ=t, and ^QOB=<f^ 


Then ^=i/tan^=r/. 


PM 

OM 
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=d. 

X 

= d ^tan a —I 

t=-i 


u sin at 


- 


u cos a . i 


rr 

f* 


0 


u sin a~^g( 
u cos a 


u cos a 

“Constant since u cos n=const. 


i.e. 



u cos a 

velocity of Q is constant. 

cnnff««fi is flying with constant velocity and at a 

provided 2 (^'cosa -v) v o“=^a“’ ‘'"= aeroplane 

K initial velocity 

of the shot. ^ 

Aq is the position of the 

aeroplane when the shot was 
fired so that 

O' col a. 

In time /, aeroplane has 

moved horizontally through vt 
and A is the point where the 
shot strikes it. 

>4 is the point (A cot a+ v/ h). 

Hence h cot a^vt^V cos at 

h= y sin a/ — 

A cot a , / f^Asinocota (/i cot a)^ 

I^cosa-v '^->cosa-v (Kcos-v/ 

A= - "■ (cos o - V) - g/i^ cot2 a 

2 (y cos a — vj* 

2 (Kcos „_v;^ = 2Fcos a (i^cos cot* a 

2(kcos a — v)v tan* u = glt. 

areo*,nH A The radii of the from and hind wheels of a carriage 

°o r,l,f'jnThlii"’^ h:;i;‘':^;ot.Tf';h:'7.in=‘d'‘wL“? 

to ahght on Ihe highest po.m of ,he from wheel. Show .hat the 

velocity of the carriage is a /si^‘-{d) ~a)(c-}-a — b) 

V 4(h^a) • 

Ifvbethc velocity of the carriage, the velocity of the highest point 
is 2v horizontally. Thus the initial velocity of the mud ^particle is 

ea^I’^ge'is V h"oV!i;r^ 


« » 

i.e. 

i.e. 

or 
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The horizontal distance moved is thus =pA/= 
and the vertical height fallen is 2{b—a) 



Hence ^c'^-lb—a)^=vt 

and 2{b~a)=lgt^ ' 

■ aJ-^( b-a) 

I Y____ 

/ g(c-6+fl)(g+fe-fl) 

^ A[b~a) 

Ex 7 A speck of mud is thrown off the rim of a wheel 
radius n which is roiling in a straight line on horizontal ground with 
a speed of v ft. per second and just alights on the wheel again at 
a point on the level with its centre. When the speck of mud is thrown 
off, its aneular distance from the top of the wheel is 0 , measured in 
the sense in which the wheel is travelling. Show that 2v cos 0—og 

(I - sin 0). 



The sneck of mud starts from a point P and falls at Q. Horizon¬ 
tal distance moved by the particle= A/Q^OO'-f-O'e-OM 

=v/+a—a sin 0 . 

The velocity of the particle is 2v cos 0/2 at an angle 0/2 with 
the horizontal. 

Hence horizontally v/+a—o sin 0—2v cos 0/2 . cos 0/2 . / 

/>. v/(2cos®0/2-l)=aCl-sm0) 

4 

Vertically a cos 0=2v cos 0/2 , sin 0/2 , 

or a cos 0 =v/sin 0 - 1-1 gt* 
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a{l —sin 0) sin 0 
”^cos 0 


k- 


rt*(l —sin 6')" 


,2 


V- COS^ Q 

2i'-fcos® e—(1 -sin e) sin 0 j cos 0=o^(l -sin 0) 
or 2v® cos 0(1 —sin 9)^as (1 —sin 0)- 

or 2v-cos 0=oj7(l —sin 0). 


Ex. 8. A regular hexagon stands with one side on the ground 
and a particle is projected so as to graze its four upper vertices. Show 
that the velocity of the particle on reaching the ground is to its least 
velocity as to V3. 


^ is the point of projection and 
Q the point where it falls to the ground. 

O is the highest point. Take O 
as origin and vertical and horizontal as 
axis of X and y. 

Parabola be ^*=4 Sx. 

. where /i=heighi of O 

a ove AF and 2a=side of the hexagon. 

^ ► (^+a\/3, 2a) 

Hence bh 

and 4a^=4b{h^-ay3) 


(t 



.. 4a^=^a-4-4ab\^i 4/)^^ 3 o and/(= 

If u be the velocity at O which is entirely horizontal the equations 
are ;f=j ^^2 /. is also the same parabola 

2 * ^ 

Hence — =46=V3a 


If V be the velocity at Q, v'-' = h-; 2^'. 0.\f ir ^-2}’ (h-\■2(^\/^) 
U. : 2a^ 3^ 


Hence 


,2 4 /' 1 


V 


1 ; ** 8 -^^ 
= 1-1- , r»- 3 


Ex. 9. Particles fall down the diameters of a vertical circle : prove that the 
locus of the foci of their subsequent parabolas is a circle. 
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Ex. 10. If particles slide down chords of a vertical circle to its lowest point 
and are then allowed to move freely, prove that the locus of the foci of their 
subsequent paths is a cardioide. 

Ex. II. A number of bodies slide from rest down the chords of a vertical 
circle starting from its highest point and afterwards move freely : prove that the 
locus of the foci of their paths is a circle whose radius is half that of the given 
circle. 


Ex. 12. Prove that during the flight of a particle projected at an eUvatioo 
«on a line through the point of projection of inciination the direction of 
motion turns through an angle whose cotangent is | cos P sec a cosec (a-p) 
—tan a. 


Ex. 13. Prove that the locus of the foci of all the trajectories passing through 
two given points is a hyperbola. 

Ex. 14. Prove that in the parabolic path of a projectile the rate of change of 
the direction of motion is ~ where u is the horizontal velocity and y denotes the 
depth of the projectile below the directrix at any instant. 


Ex. IS, A gun is fired from a moving platform and the ranges of the shot 
are observed to be i? and S when the-platform is moving forwards and backwards 
respectively with velocity r. Prove that the elevation of the gun is 


tan-* 



4V- 


(/?—\ 

* ii+s /• 


Ex. 16. Two points .4 and arc a distance a apart, their heights above 
the ground being /», and /u. Prove that the least speed with which a stone can be 
thrown from the ground-level so as to pass through both the points is 

17. A shell fired with velocity V at elevation 9 hits an airship at height 
ii, which IS moving horizontally away from the gun with velocity v. Show that if 

(2 V cos Q — v) {V- sin“6 — IgH)'" — v Ksin Q, the shell might also have 
hit the airship if the latter had remained stationary in the position it occupied 
when the gun was actually fired. 


Ex. 18. A stone is thrown at a flying bird. TTic direction of projection has 
an angle of elevation a and at the instant of projection the bird is directly over¬ 
head at a height h flying in a horizontal straight line with constant acceleration f 
and velocity U. Prove that no speed of projection will make the stone hit unless 

U"- tan 5;> {( f Vi^ + lgh -fh] 

Ex. 19. A shot passes through two screens distant d from one another at 
heights h, k above the point of projection. If t be the time taken to pass between 
the screens, show that the muzzle velocity of the shot is that due to a fall through 
a height 

Ex. 20. The guns ot a ship and a fort at a height n above sea-level have 
each a maximum range/t on the level. Show that the ship will come under fire 
from the fort at a range R-l-n but cannot return the fire till the range is reduced to 
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The nfu«fe Ulochy of°"h'ei?l.af' ,s “h^gun^ ^ ?a"nd calf Engage’ 

the gun at sea at a horizontal distance [ (c=+2s/,;^ 
that at which the gun at sea can engage th; gun on land. 

the ^ r which is in a horizontal plane through 

Ite point orprojection. falls a feet short ofit when the elevation is « and ..oes 6 

feet loo far when the elevation is /i. Show that if the velocity of projection br,he 
same in all cases the proper elevation is } sin-‘ " 2^+'' sm ^ 

Kc cllV4 

^ is Steaming ahead with velocity «. a gun is mounted 

ship so as to pent straight backwards and is set at an angle of cIc^aIJon «. 

• ^ a 


If y be the velocity of projection relative to the gun, show that the range is 


2 m 


sin a („ cos a-„) and the angle of elevation for maximum range is 

-1 »< +V«*+8 m* 

4v 


cos 


a reg jiir,: ij-xag^ni’^illi^!: !'>“ f-'' 

the table 2 ^ Show that the range on the table is u v‘nnd";hcj‘‘qu''are'ofr jime o" 


flight is ' 

fj 


J/-V/3 • 

sides each ohcngtl?2^/is'^lil^c!l En^lle^Lm^n 

longest side in contact with the ground ^ A b"dl P**'"''''‘■‘' '•Y*' 

on the ground so as just to graze the otiter thrcL co'rnei^^? li^V'ncZir .i^ov^ 

that the highest height reached by the particle is and the total time of flight 

'• v;;v 

ineir highest points in a horizontal straight line at a height A above the poinr o! 

projection. Prove that the elevation must be tan-' . 


a 
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Ex. 29. Two inclined planes intersect in a horizontal line, their inclination 

to the horizon being a and If a particle be projected at right angles to the 
former from a point in it so as to strike the other at right angles, the velocity of 

projccion is sin P { '^eos (a 

point of projection from the intersection of the planes. 


Ex. 30. Two inclined planes, of equal height h and inclination ct» are placed 

back to back. A ball projected along the surface of the plane at an angle ^ with 
the horizontal, flies over the top and falls at the foot of ^ other plane. Show that 

the velocity of projection Is cosec ^ \/8+cosec- a. 


Ex. 31. Two parallel straight lines are inclined to the horizon at an angle 

a. A particle is projected from a point midway between them so as to graz® 
one of the lines and then strike the other at right angles. Show that the angle of 

projection makes with either of the lines an angle !an-‘ [W 2—1) COt a}. 



CHAPTER IV 


WORK, ENERGY AND IMPULSE 
24. Work ; when is a force said to do work ? 


A force is said to do work when its point of application moves 
in the direction in which the force acts. By the point of application 
is mearit the particle on which the force is acting. When the point 
of application moves in the direction opposite to that in which the 
force acts the force is said to do negative work, or work is said to be 
done against the force. For example, when a body falls towards the 
earth, the weight of the body does work and when we raise the body 
away from the earth, we do work against the weight. T/w work done 
o constant force is measured by the product of the force and the 
distance through which the point of application is moved in the direction 
of the force. Thus when a force F moves a p.irticle along its direc* 
tion through a distance .r, the work done by F is Fs units of w ork 
provided the same system of units is used to measure both F and s. 


In the F.P.S. system the unit of work is called a I'oot Poundal 
and IS equal to the work done by a force of one poundal in moving 
Its point of application through one foo'. in the direction of the force. 
In the e.G.S. system the unit of work is called an Erg and is 
equal to the work done by a force of one dyne in moving its point of 
application through one centimetre in the direction of the force. 


Ont foot-pound \% the w'ork done in raising a mass of one pound 
vertically through a height of one foot. One foot poun I g foot 
poundals. Similarly one gramme-ccniimelrc Is the work done in rais¬ 
ing one gramme vertically through one centimetre and one gramme- 
ceniimctrc = g ergs. 


If a force is variable and acts along a line, being .some function 
of the distance x from a fixed point on the line, let its magnitude be F 
at a distance x from the fixed point O. Then when the particle on 
which it acts moves a small distance 6a', then the work done is equal to 
F.bx, taking Fto remain constant through this displacement. 


Hence the total work done from the point .v a to the point 
x^b is 


b 

W J Fdx. 

a 

If the particle moves along a smooth plane curve, then only (bree 
which does work due to a small displacement gi along the curve Is 



86 


A TEXT BOOK ON DYNAMICS 


the tangential component of the force. If F be the tangential 
component of the force then the work done from a point s=a to the 

h 

point is W= ^ Fds. 

a 

Work done in extending an elastic string. 

When an elastic string of natural length / is extended beyond /, 
then at every point of its length a force of tension T acts, which is 
given by Hookes' Law 

r=A ^ 

where a- is the extension of the string, and A a constant is called the 
modulus of elasticity. Hence the work done in extending the 
string through x is 




dx=\ 


A.v* 

/' 


and the w'ork done in extending it from an extension .v, to 
V.. is 


extension 


.V, 


»■= J A rf,v = J 


-^1 

/ 2 


(.Vj —= (Extension) 


where 7\ and To are the tensions when the extensions are and .Vg. 

Power. The power of an agent (that which does work e.g. a 
steam engine, a horse etc.) is measured by the rate at which the agent 
does work. 


Horse Power. One horse power is the power of an agent which 
works at the rate of 550 foot-pounds per sec. 

Watt. One watt is the power of an agent which works at the 
rate of one joule per sec. 

Hence one walt=one joule per sec. 

= 10’ ergs per sec. 

It is easily seen therefore 

1 H. P. = 746 watts approximately. 

When an engine is marked If horse-power it means that under 
favourable conditions it can work at the rate of 550 H. foot-pounds 
per sec. Hence if F be the force exerted by the engine when its 
velocity is v then we must have 

Fv=550 If 
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500 H 

s 

V 


Ex. 1. An engine working at the rate of 400 H. P. is pulling 
a train which with the engine weighs 150 tons, up an incline of I in 
120 at a steady speed of 30 m.p.h. Find the average frictional resis¬ 
tance expressed in lb. wt. per ton. 

The brake-van, weighing 20 tons, becomes detached. How far 
will it run before slopping ? If the engine continues to work at the 
same H. P., what will be the value of the speed when it again be¬ 
comes steady. 

Here G=comp. of weight down the plane 


: 150x2240 X iIq Ibs.=2800 lb. 

.'. if R be the resistance, total force down the plane is 

(/? ( 2800) Ib. 

V 30 m.p.h.—44 ft. per sec. 

(/?-}-2800)v-=550x//=550x400 ./?=2200 Ib. 

“^fso ton = 14| lbs. wt. per ton. 

When the break-van is detached, 

G= 130x 2240X Ib.. 14^ x 130 Ib. 

550 X 400 


Now (/? I G)I^= 550x400 


V= 


=^34-i'V m.p.h. 

For the break-van, u initial vclocity= 44 ft. per sec. 
X201b., C' 20x2240x 

271b. 

If/be the retardation, 

R+G 2000 


/- 


m 


3x20x2240 


x 32 ft. per sec*. 


10 

21 

It will stop after a distance s where, 


ft. per sec.* 


m*=2/^ 


s = 


44 X 14 


2x 


10 

21 


2032-7-ft. 
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Ex. 2. la starting a train the pull of the engine on the rails is at 
first constant and equals P ; after the speed attains a certain value « 
the engine works at a constant rate R=Pu. Prove that when the 
engine has attained a speed v > v. the time t and distance x from the 
start are given by 


M 


M 


where M is the mass of the engine and the train. 
If/be the acc. produced by the pull P then Mf~Pg 


hence u=ft^ 
and ip=2fxi 


u 

A 

Mu 

A/«5 

f, = y 

■” Pi 



Mu^ 

Mu^ 

.Yi = 

2Pg 

2R? 

<iv 

^Fg = 

R 

\f 

di 



writing P=^-. 


7? 


u 


work, 

or 


A/v ^ = Rg 


Integrating const. = /?.e; + iAfM- 




M 


Hence the total time- 2 ^^(v" : rr). 


Also A/-V — S or 


Integrating JA/v^=7?g.v-^ const."7?,e.v-^iAf»^ 


« • 




M 


•. total distance =.Vj-r .V- 

Ex. 3. A train whose total weight is 300 tons is drawn up an incline of 1 in 
100. When it has reached a speed of 12 m.p.h., the H, P. exerted is 1000. Prove 
that the acceleration at this instant is 1-168 ft./see.*. 

Ex. 4. A train of mass M lb. is ascending a smooth incline of I in n and 
when the velocity of the train is f ft./sec., its acceleration is / ft./sec*. Prove that 

the effective H.P. of the engine is "'^ 550 ^,^ • 

Ex. 5. A constant force of P lb. wi. is applied vertically upwards to a body 
of mass M Ib. for a certain lime. It then ceases to act and the body continues to 
move upwards to reach its greatest height in a total lime t sec. from the commence 
ment of the motion. Prove that the greatest H. P. developed by the force of F lb* 

. (P-M)gf 

“- 550 " • 
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Ex. 6. A body of mass lb. starts with a speed of u ft./sec. The body 
moves under the action of a force which does work at the rale of H horse-power. 
Prove that the equation which determines the speed v at a time t is 

jl/y ^^'=5503//- 


Ex. 7. Two trains of equal masses are drawn along smooth level 
lines by engines, one of which X exerts a constant pull while the other 
Y works at a constant rate. Both start with the same initial velocity 
u and after a time / both again have the same velocity v. Show that 
y describes a greater distance during the interval. 

For Xy Mf—Pg, if/be the acc. and P the pull. 






f«)- 


For y, ^Mv^—^Mu'^-\-Rgi if R be the rate, see Ex. 2. 
and i Mu^-\ Rgx. 

V^ — U~ V® —U® . V‘^ + WV + W'^ 

2t 3x - ■ „.j.v 


Hence x—s - p 


''VH WV-j _^ 

u + v ) 2 


{v-fM) = 


t 


(M-V)2 >0 


Hence x>s. 

25. Energy. Energy of an agent is defined to be its capacity to 
do work. Energy may be of several kinds, mechanical energy, 
chemical energy, electrical energy, heat, light etc. Mcclianical energy 
of a body is the energy possessed by it by virtue of its position or 
motion. Mechanical energy is again of two kinds, kinetic energy and 
potential energy. 

Kinetic Energy. Kinetic energy of a body is its capacity to do 
work by virtue of its motion. It is measured by the amount of wofk 
which this body will do in coming to rest. A moving bullet has 
kinetic energy because when it strikes a wall of sand, it penetrates 
into it before coming to rest, thus doing work against the force ol 
resistance offered by the sand. Hence it follows that before the 
bullet struck the wall it possessed K.E., /.e., capacity to do work. 

The kinelic energy of a particle of mass m moving with velocity v 
is \mv^. 

Let Fbe the resistance to its motion which produces a retardation 
/ so that P tnj. 

When the particle is moving in a straight line, f ^ where v is 

its velocity at distance jc from a fixed point O on the line. 

Hence the work done in bringing the particle to rest 

o 
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When the particle is moving in a plane curve, the tangential force 
does work for displacement along the curve. Now the tangential 

component for acceleration is/=v—. 

ds 

Hence the work done 

=—J Fds=-m i 


dv 

ds 


ds 


o 


= —m J vdv=^mv~ 


Hence in either case K . £=\niv-. 

Potential Energy. Potential energy of a body is its capacity to do 
work by virtue of its position. It is measured by the amount of 
work which the body will do in coming from its present position to 
some standard position usually called the zero position. 

A bent spring has potential energy because it can always do work 
in recovering its natural length. 

If a body of mass m is placed at a height/i above the ground 
then when let fall, it will do work of amount mgh which is therefore 
the potential energy of the body. 

26 Principle of Energy. A particle is made to move on a given 

smooth plane curve under the action of given forces in the plane \ to 

find the motion. i' • * 

« r 

Let P be the position of the 
particle at time / where AP=^s, 
A being a fixed point on the curve. 
Let V be the velocity at P, X, Y the 
components of the forces acting on 
the particle parallel to axes of ox, 
oy ; R the reaction along the normal 
at P. 

^ The tangential and normal equa- 
tions of motion are 



dv 

^^\ls =-''cos + r sin^^ 


and 


V- 


m~ = —X sin cos 
The first gives X^—4- T— 

ds ^ds ^ ds 


and therefore integrating we get 

1 mv-= J {XdxA-Ydy)-{-C where C is a constant. 
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If Xdx-^-Ydy be a complete differential of some function <i> (x>’) 
so that 


>'= 1 " 
5^ oy 


then I 




...( 1 ) 


If the particle be projected from a point (.Vq v„) with velocity K 
then h mV- = ^ (xq >’o)^'C. 

Hence ^ niv- niV~ (a>’) — (Aq.I' u) ■■■(2) 

This result is quite independent of the path of the particle and 
depends only on the initial and final positions of the particle. 


Now {Xdx I Vdy) is the work done by the forces X, Y during a 
small displacement ds along the curve so that / [Xdx-- Ydy] -^ (.ry) 
is the tola! work done on the particle during its motion from its 
point of projection to any point P. The quantity o (aj) is called the 
Work-Function oi iht of forces and forces are called the con¬ 

servative forces. Thus conservative forces arc such that the work 
done by them depends only upon the initial and final values of the work 
function i.e. upon the initial and final values of the forces and not upon 
the path followed by the particle. These help the motion when it 
is in their direction and oppose it when the motion is in the opposite 
direction and maintain their character irrespective of the direction of 
motion. 


Now the left hand side of (2) represents the change in the Kinetic 
Energy of the particle and the right hand side represents the work 
done as the particle moves from its initial position to its final 
position. Thus we get the result that the change in kinetic energy is 
equal to the work done by the external forces, if the force system he 
conservative. This is called the Principle of Energy. 

Now the potential energy of the particle when at P 

= work done by the forces as the particle moves from P to 
some standard position, say (A| y,). 

«(A,y,) 

= {Xdx-\ Ydy) = *i>{xy)\ y,) -«A(-vy) 

^ {x,y) (v;*) 

Hence (Kinetic Energy r Potential Energy) of the particle when 

at P 

= c+ <^(x, y,) - <i>ixy). 

<}>{Xi y,)i= constant. 

Hence when a particle moves under the action of a Conservative 
System of Forces, the sum of its Kinetic and Potential Energies is 
constant throughout the motion. This is called the principle of Con¬ 
servation of Energy. 
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Ex. 1. If an elastic siring whose natural length is that of a 
uniform rod; be attached to the rod at both ends and suspended by 
the middle point, show that the rod will sink until the strings are 
inclined to the horizon at an angle Q given by the equation 

cot® cot—-=2n, 

given that the modulus of elasticity of the string is n times the weight 
of the rod. 


0 



AB be the rod, length 
2q ; O the middle point of 
the string. s 

Height descended by the 
rod=OA/=fl tan 0 
work done by its 
weight—mg. a tan 0. 


Work done against the tension of the string 

- 0-i-T ^ . OA—a , 

= 2. - extension=A. .(OA—a) 
2 a ' 


a sec 0—ti, 

nmg. (rt sec. 0 - a) 


— nmg a (sec 0 —1)'^. 


Since the system starts from rest and comes to rest, Kinetic 
energy is zero both initially and finally hence the work done is also 
zero i e. work done by the weight of the rod = that by tension. 


i.c. 

or 

or 

or 

or 

or 


tan (sec 0—Ij- 

tan 0--w(sec 0—1)- 

( 1—€05 0 )=^ 

tan0=/j 

cos- 0 

sin 0 cos 0=/j(I —cos 0)- 

2 sin 0/2 cos 0/2(cos* 0/2—sin- 0/2)=4n sin-*'0/2. \ 


e 

2 


cot®!/ —cot-^ —2«. 


Q 

2 


Ex. 2. A heavy uniform chain of length 2/, hangs over a small 
smooth fixed pulley, the length l+c being at one side and/—c at 
the other. If the end of the shorter portion be held and then let go, 
show that the chain w'ill slip off the pulley in time 
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When the lengths on the two sides are 
•Z+c-j-j: and l—c—x, the depth of the centre 
of gravity of the string below the pulley is 
C where / 

= [(/ + e+Jr)"+(/-c-A-)-] 

Original depth of C. G. is 

(=1 Kl+cy+(l-cy^] 

Hence the work done by the weight of the chain — 

=*47 c —j:/ — 

='^7 [(Jr+ci^-e“]'. 

Hence the Principle of energy gives 



(*-c*x 




S-VT' 

Vi'-/ 


l—c 

^ V{x \ cY~c^ 


=lop^^' i£± ! 

® c 


l—c 


Hence 


=log 


/-f \/l^~c* 


'-VI 


log 


l-\ 1*- 


Ex. 3. An elaslic cord, modulus A, natural length /, hangs vertically, on© 
end being attached to a fixed point and the other to a body of mass M. The 
mass IS raised till the string has its natural length and is then released from rest. 

Show that its greatest fall in the subsequent motion is , 

A 
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Ex 4. A light string ABCDE whose middle point is C passes throughi 
smooth rings B, D which are fixed in a horizontal plane at a distance 2a apart. 
To each of the points A, C is attached a mass m. Initially O is held at O 
the middle point of BD and is then set free. Show that O will come to instantane¬ 


ous rest when 00 



Show also that when C has fallen through 



from> 


O, its velocity 


25a(j 

86 




Ex. 5. A ring of mass tn slides on a smooth vertical rod ; attached to the 
ring is a light string passing over a smooth peg distant a from the rod, and at the- 
other end of this string is a mass M (>”*). The ring Is held on a level with the 
peg and released. Show that first comes to rest after failing a distance 

2mMa 

Ex. 6. A heavy ring of mass m slides on a fixed smooth vertical rod and’ 
is attached to a fine string which passes over a smooth peg distant a from the rod 
and then after passing through a smooth of ring of mass 3m, is tied to the peg. 
Show that, if tn is dropped from the point in the rod at the same horizontal level 

as the peg, then it will oscillate through a distance ~ 


Ex. 7. .-ICfi is a horizontal straight line of length a+b. A heavy particle 
at C is attached by an inextensible siring of length 6 to A, and by an unstretched: 
elastic string of length a to/?. If, when the particle starts from rest, the string 
AC} St oscillates through a right angle and the modulue of elarticity of the 
clastic string is equal to twice the weight of the particle, prove that 

4n3=6(n+26)2. 

Ex. 8. A uniform siring of mass M and length 2ti, is placed symmetrically 
over a smooth peg and has particles of masses m and m' attached to its ends; 

show that when the siring runs off the peg its velocity is 

\ jU + m+m 


27. Impulse. If a force Facts on a particle of mass m always 

(iv ' 

in the same direction, the equation of motion is m where v is 


the velocity of the particle at time t. Let T be the interval during 
which the force acts and v, v' be the velocities at the beginning and 
end of (hat interval. Then integrating the above equation we get 



Filt. 


o 

Now suppose the force F to increase without limit while the 
interval T to decrease without limit. Then the above integral may 
have finite limit. Let this limit be P. Then equation becomes 
in (v' —v) = P. 


The velocity in the interval has changed from v to v'. Supposing 
the velocity to have remained finite, let K be its greatest value during 
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the interval. Then the space described by the particle is less than 
VT. Since this vanishes in the limit the particle has not moved 
during the action of F. It has not had time to move hut its velocity 
has been changed. Thus in the case of infinite forces which act for 
an indefinitely short time, the change of position is 2 ero and the 
change of velocity is the measure of the force. A force so measured 
IS called an impulse. It may be defined as the limit of a force which 
w infinitely great and acts only during an infinitely short time. The 
blow of a hammer is a force of this kind. An impulsive force is 

measured by the whole momentum generated by the impulse. Thus if 

I be the impulse then /=w (v~u) 

where h, »- are the velocity just before and Just after the impulse. 

Work done by the impulse = changc in Kinetic energy 

\m {v^ — u-)=lm (v + u) {v~u) = I ^ ^ " 

= product of the impulse and mean of the velocities 
before and after the blow. 

28. Conservation of Linear Momentum. If a body of mass m 
moves with velocity V under the action of a force Fin the line of 

motion then -j^{mv)^F. 


This follows from Newton’s second law of motion. 
UF~o, then ~^^{m\‘)~o i.e. /»v = constant ; 
the body moves with a constant momentum. 


If there be two bodies of masses m, m' moving with velocities w, 
u' in the same straight line under forces Fj, F^ respectively, then 
since the mutual action between the bodies arc equal and opposite, 
we have 




I\\- R 

-j|(mV) = F,-F 



R being the 
reaction. 





no external force acts on the .system, 

\-m'u') = o 


mutual action and 


i.e. = Const. 

Thus, if the sum of the external forces acting on a system of 
particles be zero in any direction, then the total momentum of the 
system in that direction remains constant during the motion. This 
is called the principle of Conservation of Linear momentum. 
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Ex. 1. Prove that the mean kinetic energy of a particle of mass 
m moving under a constant force, in any interval of time, is i m 

where % and Ug are initial and final velocities. 

Prove that it is greater than the kinetic energy at the middle of 
the interval but less than that when the particle is half-way. 

Since the force is constant, acceleration is constant, say /. 

If r be the interval then 

T 

mean K.E - ^ J where v=i/,+// 

but .. fT—u^ «! 

mean K. E.=lm {u^-^u^+UiU^ 


K.E. at the middle of the interval=J (Ki+Mj)* 

K.E. halfway=J nx («,= f/r)=i m 

Ex. 2. A bullet of mass »i moving with velocity u strikes a block 
of mass M which is free to move in the direction of motion of the 

bullet and is embedded in it. Show that a portion 



kinetic energy is lost. 

Let V be the velocity of the combined body when embedded then 
by the principle of conservation of momentum we get 


Loss 

— I 
— 


of = 

mv-—I (Af+w) 


(A/-fni) V=^mv 
-I (AZ-f-m) V- 

, A/hiv“ 
(Af+m)' - M + m 


Ex. 3. An elastic ball of mass m is dropped from a height /* 
above the ground and at the same time a second ball of mass /»i 
is projected vertically upwards to meet the former. Show that in 
order that immediately after collision, the balls may be at rest, the 
second ball must be projected with a velocity 

w i-Wi 


Let them meet at a distance s up the ground so that for the first 


ball 


»r- - 


2g(A-5) 
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and for the second ball 

= (<2 _ 2gs 

if V,, Vg be their velocity with which they collide and w the initial 
velocity for the second ball. 

Also for first= ^ 

for second s—ut — \ gt^ 

h = ut etc. 

Also = Q 

Now substituting t = — in the third and fourth equations we 

can find//—j’and j. These give 

mgh 




U2 = 


m f w, 

m. 


gh. 


Ex. 4. Assuming that in a cannon the force on the ball depends 
only on the volume of gas generated by the gun-powder, show that 
the ratio of the final velocity of the ball when the gun is free to 

recoil to its velocity when the gun is fixed, is A / where M 

V 

and m are the masses of the cannon and the ball respectively. 


Let V and v be the velocities of the cannon and the ball when 
the cannon is free to recoil and £the kinetic energy released by the 
explosion, then 

and MV=mv. 

If v' be the velocity of the ball when the cannon is fixed 

£=imv'2 

V . / A/ 

M 


=•[ 


mv 


= mv'^ 


V 


Ex. 5. A gun is mounted on a gun-carriage, moveable on a 
smooth horizontal plane, and the gun is elevated at an angle a to the 
horiz{>n j a sliot is fired and leaves the gun in a direction inclined at 
an angl* ^ to the horizon j if the mass of the gun and its carriage 
be n times that of the shot, show that 


tan e 


< H- 4) 


tan a. 


Let u be the velocity of the shot relative to the gun and v the 
backward horizontal velocity of the gun and carriage. Let M be 
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the mass of the shot so that nM is the mass of the gun and 
carriage. Since the impulsive force exerted by the explosion on the 
shot is equal and opposite to that exerted on the gun and carriage, 
the horizontal components of these forces are also equal and hence 
the horizontal momentum of the shot is equal and opposite to the 
horizontal momentum of the gun and carriage, so that 

nMv—M{u cos a—v). 

If the resultant velocity be V at an angle Q to the horizon, 
then Kcos @=M cos a—V 


and V sin Q=u sina 

tane =- ={ l 4 --~]tana 

" M cos a — V V n J 

Ex. 6. A shell of mass M is moving with velocity V. An 
internal explosion generates an amount of energy E and breaks the 
shell into two portions whose masses are in the ratio : tn^. The 
fractments continue to move in the original line of motion of the 
shell. Show that their velocities are 




V.! 


,.and V 
M 


- A 

'V 


Let V,, r„ be the velocities of the two portions whose masses be 
A/^>. 


A/, A /2 M 
Then - - - - 


m 


m., 


/. A/i= 


w,A/ ,, mjA/ 


By the conservation of momentum 
and by the equation of energy 

Put -■' and v.= K—tV so that the first equation is 

^ A/j “ A/o 

satisfied since 

From the second equation, we get, 






or A/,l'*-r2.vr4;l/2F2-2.vK-}- . -MV- = 2E 


A/i ‘ A/. 


or 




A/. 

V/' 


and V 3 = 

® V w^.A/ 


IE M. 

-f- A/ 2 ) 


kh- 


vs 


2m^E 
M 


1 
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Ex. 7. A bullet moving horizontally with velocity « strikes and penetrates 
a fixed vertical target of thickness a and emerges with horizontal velocity r. 
Prove that the same bullet would have just failed to penetrate the target had the 

thickness been average resistance to penetration being the same in 

the two cases. 


Ex. 8. A shot of mass/» penetrates a thickness J a fixed plate of ntass 


M ; prove that if M is free to move, thickness penetrated is 


Afji 
+ m ■ 


Ex. 9. If a shot of mass m lb. striking a fixed metal plate with velocity u 
penetrates it through a distance «, show that it will completely pierce through a 

plate, free to move, of mass M lb. and thicknes'^ t if 6 • ' the resistance 

nj -1- zY/ 

being supposed uniform. 


Ex. 10. A set of n equal trucks with 6’ feci clear distance between them are 
inelastic and are set in motion by starling the end one with velocity 1’ towards the 

next. Prove that the time taken for the last truck to start and the 

final velocity isShow alsj that the proportion of the initial energy wasted 


when ail the trucks are in motion is 


«- I 
» 


Ex. II. Two panicles A and B of equal mass lie close together on a 
horizontal table and arc connected by a light mcxtcnsiblc siring of length/. .1 is 

projected vertically upwards with velocity \/I0;/L Prove that it readies the table 
again willi velocity 2v 

Kx. 12. At the highest point of its path a shell explodes into two equal parts 
of which one falls vertically from rest. Piovc that the other wall describe a para¬ 
bola of which the latus rectum will be four times the latus rectum of the oi iginal 
parabola. 

Ex. 13. A shell lying in a straight smooth horizontal luhe. suddenly 
explodes and bleaks into two portions of masses/f» and »/«'. If j-is the distance 
apart in the lube of the ma^ses Jifter a time /, show that the work done by the 

, . , . r' 

explosion IS I — . , . 

• m 


Ex. 14. An inelastic pile of mass m pounds, is diivcn vcrticaily into the 
greund a distance ofw feet at each below of a hammer of mass 3/ pounds w hich 
falls vertically through h feet. Show that the weiglu which would have to be 
placed on the top of llie pile to drive it slowly into liie ground would he 
M -h 

+ pounds and the time during which the pile is in niofion is 

(M-\ tiiyi 


/ 2 

At V gir 


Ex. 15. A gun of mass .\f fires a shell of mass m horizontally and the energy 
of the explosion is such as would be siillicient to project the shell vertically to a 

_ 1. 

height h. Show that the velocity of recoil is ^ m '' 
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Ex. 16. A mass of weiihl Tf hangs at the end of a light extensible rope 
whose modulus is nIF, the other end being fastened to a fixed point. He proceeds 
to climb up the rope. Prove that when he reaches the fixed point he has done 

i times the work he would have done in climbing the same distance up an 
2n+2 

inextensible rope. 


Ex 17. A shell of mass tn.+tna is fired with a given velocity in a given 
direction. At the highest point of its path the shell explodes into two portions of 
masses »i, and fUj. The explosion produces an additional kinetic energy A and 
the portions separate in a horizontal direction. Show that the portions strike the 


ground at a distance 




where V is the vertical component 


cf the velocity of projection. 


CHAPTER V 


IMPACT 

29. Impact. When two bodies collide with or strike against each 
other, they are said to impinge one on another. This phenomenon 
of impinging or colliding is called an impact. 

An impact between two bodies is said to be direct if the direction 
of motion of each, just before impact, is along the common normal 
at the point of contact. The direction of this common normal at the 
point of contact Is called the line of impact. 

When two bodies A and B impinge on each other, then by 
Newton's 3rd law, the action oi A on B is equal and opposite to that 
oT B on A \ also the time of contact for both A and B is the same. 
Hence the impulse of the action of A on B is equal and opposite to 
that of B on A. That is, the change of momentum of A is equal and 
opposite to that of B\ or in other words, if the momentum is 
measured in the same direction, the sum of the two changes of 
momentum is zero. Thus if the masses 
of A and B are respectively m and m' 
their initial velocities are w, u' and their 
velocities (after impact) are v and v' 
such that the velocities arc measured 
positive in the same direction. 

then wv+m'v'=mw-f w'w' ... (1) 

Newton's experimental law of direct 
impulse. 

Newton found by experiments that when two bodies impinge 
dirwtly, their relative velocity after impact is in constant ratio to 
their relative velocity before impact and is in opposite direction; 
this constant ratio depending only on llie material of the bodies and 
not on their masses or velocities. This constant ratio is called the 
modulus (or co efficient) of restitution and is denoted by the letter e. 

Thus V— v'= — e («—«') (2) 

The quantity e has different values for different pairs of substan¬ 
ces but it always lies between 0 and I. Bodies for which ^ = 0 are 
called inelastic bodies, whilst those for which e = \ are perfectly 
elastic bodies. 

Multiplying (2) by m' and adding to (1) we get 

{m~em ')u+m'(\+e)u‘ 

m+m' 


— y. 
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Similarly 


,_w( 1 -f e)u+{m — em)u' 


Cor. If we put m=m', and e=l, we get 

V—u', v'=w 

Thus if two equal and perfectly elastic balls moving in the same 
direction impinge directly they interchange their velocities. 

Impulse of the blow. The impulse of the blow on the ball of 
mass m 

=change of momentum of m 

. . m m'il~\-e) {u—u') 

^ 

Impulse of blow on the other ball is equal and opposite to the 
above. 


30. Action between two elastic bodies during the period of impact. 

What happens during the period of impact of any two moving 
bodies can very well be exemplified by the collision of two railway 
carriages. As soon as they collide, both the bufifers are compressed 
and soon after they expand and gradually regain their position. 
Similarly if we drop a tennis ball on the ground covered with fine 
coloured powder, we observe that the surface of the ball in contact 
with the ground is a circular spot and not a point. This shows that 
during the earlier portion of the period of impact the ball is com¬ 
pressed and deformed. But then it is observed to rebound and come 
back in its original shape. This shows that during the latter 
portion of impact the compressed ball expands and recovers its 
original shape. 

We can thus divide the period of impact into two periods ; firstly 
the period of compression, during which each solid is approaching 
and compressing the other, and secondly the period of restitution, 
during which each solid tries to regain its original shape and in doing 
so is pushing the other away from it. The first period ends when 
the compression is the greatest; at this moment the two centres of 
gravity have the same instantaneous velocity. If, however, solids are 
perfectly inelastic, there will be no period of restitution, the solids 
w’ill not attempt to regain their original shape but will continue to 
move in their compressed state with the common velocity. 

Jusi tlhe period of impact is divided into two periods, the total 
impulse of the blow can also be divided into two impulses—the 
impulse of compression and the impulse of restitution. Thus if/and 
r be these two impulse, then the total impulse —/-f/ 

But for two balls, we have the total impulse 

_ nmi(l-\-e)(u—u') 
m+m' , 
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If the balls are inelastic, /'=0. So by putting e=0 in the above 
we have 

^ mm'(u — li') 


Hence by subtraction 

m + m' 

therefore r=el ... ... (1) 

Further if U be the common velocity at the instant of greatest 
compression, we have the following equations :— 

on m, —(C/—u ), —/'=/« (v—f/) 

on m', I^m'{U—u)t /'=m'(v' —t/). 

These give mu-] mu —{m-\-m)U—mv-\-m'v'. 

Also eliminating U, we gel 


giving 


_ mm , , ,, , , , 

/= - -, (m —w ) and / — , ,(v — v). 

m-\-m ^ ’ m + m^ 



( 2 ) 


If we take Newton\ law as 


V ~v' = —e(u—u') 

then from (2) we get r=e/, same as (1), 
or if we take /':^e/then we get (3). 
Total impulse =/-} /' (l-fe)/ 


mm 
m -\-»«' 


(1 -\ e){u-u) 


(3) 


same as found before. 


31. Oblique impact. An impact which is not direct is oblique, 
that is when the direction of motion of one, or both, before impact, 
is not along the common normal at the point of contact. 

Newton's experimental law on oblique impact. 

' When two bodies impinge obliquely their relative velocity resolved 
along their common normal after impact is in a constant ratio to 
their relative velocity before impact resolved in the same direction, 
and is of opposite sign. This constant ratio is e. 
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Oblique impact of two perfectly smooth-spheres 

Let two smooth spheres of masses m, m' impinge obliquely and 

let their line of centres 
m be ABy Ay B being the 

centres. Let their velo¬ 
cities before impact be 
Uy u' and their velocities 
after impact be v, v' 
respectively. Let also 
the angles which the 
directions of t/, w', v, / 
make with ABhe a, 

6y d. 

_ Since there is no 

friction between the 
spheres : on each sphere, only force is along the line of centres; there 
being no force perp to the line of centres, therefore the components 
of the velocity of each perp. xo A B are unaltered. Hence 

V sin e = u sin o ... ... (]) 

v' sin ^=»'sin fi .(2) 

Also by Newton’s law 

V cos ©-!■' cos ^ = cos n—r/ cos jS).(3) 

Again, the only force acting on the spheres during impact is the 
blow along the line of centres so that on the two spheres taken 
together there is no impulsive force along the line of centres therefore 
the total momentum in that direction is unaltered by impact. Hence 

mv cos 0 - 1 -w'v' cos <^ — mu cos a-\-m’u' cos B .(4) 

These four equations are sufficient to determine the four un¬ 
knowns, V, v', S and <f>. 


Cor. I. If M=0, we have from (1), 

Hence if a moving smooth sphere impinges obliqueiy on another 
smooth sphere at resty the latter begins to move alon^ the line of 
centres. 

Cor. 2. If/u=m', and c=l,wegei 

V cos 0~u' cos By v' cos <i> = U cos a 

Hence, if two perfectly elastic and smooth spheres of equal masses 
impinge obliquely, then they interchange their velocities along the line 
of centres. 

Impulse of the blow. The impulse of the blow on the sphere of 

mass ni 

4 

=change produced in its momentum along the line of centres 
= cos cos B) 
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__ rnm'( ]-^e)(u cos a — u' cos 

rn^-ni' on substituting from the above 

equations. > 

abov?*’^^^^ of the blow on the sphere m is equal and opposite to the 


Ex. 1. A series ofelastic spheres whose masses are i, 
etc. are at rest, separated by intervals, with their centres on a straight 
line. The fifst is made to impinge diieclly on the second with 
velocity u. Show that finally the first (n— 1) spheres will be moving 
With the same velocity (1-c) u and the last with the velocity w. 

Prove that the final A*. E. of the system is l( \ 

Let Vj, i-/be the velocities of the first and second spheres im- 
mediately after the first sphere strikes the second. 


Then 

m-hm' I 


(l—e)u 


ni' = e. 


^T = 


Similarly 
and so on. 


1-f-c 
1 4 e 


u — u. 


^’3 = (I - e)v2 1-3' = = w. 


K. E. = ^ • I • (1- c>)2„2^ . u“ 

-i . 

= i(I-e)V(I-f c + .-fe” u- 


u 


Ex. 2. Three balls of masses m, m' and A/, respectively are in 
a straight line, the two last being at rest ; the first, moving in the 
straight line with velocity u, strikes the second which afterwards 
strikes the third. Find the velocity of the third ball after impact. 

Prove that if the masses of the first and third balls be given, 
the velocity of the third ball after impact is greatest when the 
mass of the second ball is a mean proportional between the masses 
of the other two and the velocity is then equal to 

J\ \ e)^ mu 
{.y/m-\-y/ Mf 

For the impact between m, m', the equation of momentum and 
Newton’s law give, if v, v' be their velocities just after impact, 

mv-\^ m'v'=mu 

and V — y' = — eu 

m-\m' 
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For the impact between W and M, if V be the velocity of M 

• -I 1 1' vw' (I + g) 

after impact, we have similarly, K— 


/.e.. 


i.e., 


ummXl +g)^ 




K=.- 

(1 + 


(m+m')(m'+Af) 


m 

m 




Given m, M, this V is greatest when (^H 

_ % r 


fttMl 

i.e., wheHm'-r/H-i-Af-r ^/- is least 


, , mM « 

i.e., when 1 — ——u 




i.e.y m'^y/mM 


Then V= 


r A ctmnnth sohere of mass m travelling with velocity u» 

;:x" sh.. .h. » 

2 _ ^Al— 

will be deflected through a right angle, if tan 0 — 

Let Vj, V 2 be the velocities 
of m. A/ after impact, v' making 

with the line of centres and Vg 

along the line of centres. 

For m, the equation per¬ 
pendicular to the line of centres 
gives sin 4^—u sin 

The equation of momentum 
*^ives mv cos ^-}-A/v 2 ~^^^ 

Newton's law gives Vj cos cos 0. 

If^_^ = 90 i.e. *t> = 9'‘r90 
tj-,en VjCos 0 = wsin 0 

— mvj sin 0 -r A/v 2 = /?n/ cos 0 •. 

and v-i sin 0 -fv..=t?w cos 0 . . v.; . 

Hence nut cos 0 = —mv^ sin 0 +Af (cw cos 0 -Vi sin 0) 

^^Meu cos, 0 —(A/,-t-/n) Vj sin 0 lyv 

, sin* 0 

= Meu cos 0 (A/+ m)u 



j. • 
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tan- Q = 


c M — m 


or {A/+m) sin® 0 = (eA/—m) cos-© _ , 

M -p f7l 

Ex. 4. A smooth ball impinges on another smooth equal ball 
at rest in a direction that makes an angle Q with the line of centres 
at the moment of impact. Prove that if D be the angle through which 
the direction of motion of the impinging ball is deviated then 

(l+e) tan © 

\—e+2 tan® © 

If the direction of the impinging ball bisects the angle between 
the future directions of motion of the ball then tan © - \ c. 

1 c 

Prove also that the maximum deviation is tan ^ 


tan D = 


As in Ex. 3, the equations are 


and 


iv 2(1-c) 
i j sin <i>—u sin © 

V, cos tf>-\ V„=u cos © 

Vj cos V'— — i’l/cos © 


• • 


^ J ^ U . (i-e)// cos © 

u cos ©= 2 vi cos cos © hence cos <>= ^ 

■“'i 


and 


sin </> = 


tan 


Now D=<f>—0 


tan D 


tan ^ —tan © 

1 f tan <i> tan © 


u sin © 

2 tan © 
~\-c 
2 tan © 


tan © 


If 


2 tan® © 
1 -c 


If <t> 2 © then 

or 

Now tan D 


_ (H e) tan © 

1 - cH -2 tan® © * 

2 tan © 


^ 2 tan © 

tan 2©= , or , 

^ 1 —c I — tan® © 

or tan ©- \ c 


2 tan © 
I -e 

tan® Q—e 
1 -fe 

(i -(') cot e-' 2 tan © 

/. D is maximum when (1 —e) cot © { 2 tan © is minimum 
i.e.y when — (I —c) cosec® © i 2 sec® ©=0 

l-e 
o 


or tan®©'^ 


or tan ©^- 


V'/ 


Then 


tan 0= 


I -l-e 


2 V 2 (l-e)‘ 

Ex. 5. Two smooth spheres of mass w, m' moving with vc oci- 
ties u, u' at right angles to one another, collide. Prove-that, if their 
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directions of motion after impact are also at right angles, 

_ m^u cos sin a 

~ mm' (u cos a+w' sin aj 

If the directions of motion before impact make angles a, a' with 
the line of centres and if their directions of motion after impact be 
perpendicular to their directions before impact, 

_ m sin-a'-f/rt'sin-a 
~ m cos^ a'-f m' cos* a 



Let u, u' be the velocities of the balls m, m' before impact a 
angles a, and with the line of centres and v, p' their 

velocities after impact at angles /3 and their senses being 


indicated by the arrow-heads. 

Equations perp. to the line of centres, give for each ball. 


u sin a= V sin ^ ... ... (1) 

u' cos a=v' cos .(2) 

Momentum equation gives 

m'v' sin fi—mv cos p=nm cos a—m'w' sin a ... (3) 

Newton's law gives 

v' sin cos ^=e{u' sin a-f« cos a) .(4) 

/. from (1), (2) and (3), we get. 


m'u' cos a tan ^—mu sin a cot p=mu cos a 

—m'u' sin a 


or 

or 


/m'u'(cos a tan /3-{-sina)=/wM(cos a+sin a cot P) 

,/ s in ( a+P)_ sin ( a + P) . 

cos § sin p *' cos p sin p 



mu 

mV 


tan p= 
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Then from (4) 

e= cos ^ ^u' cos a tan p + wsin a cot S 


u Sin a-l-u cos a 


u sin a-j-M cos a 


u COS a . , Sin a . 

_ w-i/ cos a-l-/n'V sin a 


14 


Sin (x-f-u cos a 


/m«' (// cos a-i-u' sin a) 



u, « make angles a, a' with the line of centres, i*. v' 

( 1-0 

The four equations are 


make angles 


M sin a = v cos a 

• » » 

w' sin o'^ v' cos a' 

» » » 

mu cos a~m u cos a’ = m'\’' sin o'—mi- sin a 
V sin a I v’ sin a' c(u cos a4 u'cos o') 

From (I), (2) and (3), 

m,{cosa+ (cos a'-,-) 

. mu _ m u' 

cos a cos a ‘ 


( 1 ) 

( 2 ) 

(3) 

(4) 


« MU'a . u'sin- n' 

From (4), e= ^ “ I v'sin o' _ cos o cosn' 

u cos a^ u' cos o' u cos a f u' cos o' 

u sin* o I mu sin* a' 

_ cos a /u' cos a _ m' sin* a-| m sin* a' 

u cos a-I “ I cos* a'~ 

m'cos a 

Ex. 6. Two balls of claslicity r, moving in parallel directions 
with equal momenta impinge. Prove th.it if tneir dircciions of motion 
be opposite, they will move after impact in paradel directions with 
equal momenta. 

Let u, u' be the velocities of m, m' before imoact, their directions 
being parallel and opposite, each making /.a with the line of centres 



410 


A TEXT BOOK ON DYNAMICS 


V, v' be the velocities after impact at angles 6, 4* with the line of 
centres, their senses being as shown. 



The four equations are 

u sin a= v sin Q .(I) 

u' sin a=v' sin ^ ... ... (2) 

m'v' cos 9—mv cos Q=mu cos x—m'u' cos a .(3) 

v' cos ‘^4'V cos 9 = -~e(u cos x—u' cos a) . (4) 


Given mu-=m'u' (3) gives m'v' cos 4>=mv cos 9 

vcos 0 ^ H = from (1) and (2) 

j.f., tan ^ = tan 9 or 4> = 9' 

i.e., the balls move in parallel directions after impact. 

Also since we have m'v'=mv 

i.e., tiieir momenta after impact are equal. 

From (4) 

cos cos 0=t’(M cos xr - . cos x). 

m' 


Qj. cos0 = eMCOS X 

tan a 

rrom(l) tan0— —^ • 

But 1 unless e-=l when 0 = x. 

The distance between the directions of the balls before impact= 
OO' sin 7 . and after impact = 00' sin 0, O, O' being the centres. But 
OO' sin 9, 00' sin x parallel lines after impact are at a greater 

distance than those before impact. 

If the directions turn through a right angle, 

:t tan a 

e-. ^ -a cot x=-- 


or 


tan a = v ^ 
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Ex. 7. Three equal spheres are in a straight ine on a table 
and one of them moves towards the other two which are at rest and 
not in contact; if e=\, find how many impacts will take place 
and show that the ultimate speeds of the spheres are in the ratios 
13 : 15 : 36. 

Let the spheres be A, B, C and let A move with velocity w to 
strike B which is at rest. 

First impact between A and B :—since the masses arc the same, 
we have the following equations. Let v be the velocity of A and v' 
that of B after impact. 

V — v' = — e(w~0) = —In 
and v + v'=^M 



Then B with velocity ^ strikes C at rest. 

yelocities of B and C after impact. 

3u 


Let v/ be the 


Then 


and 


^-2 


v, + v/ = 


3u 




16 


u. 


Then A with velocity strikes B which is moving with u 


since \ u 


16 


u. Let V.,, V./ be the velocities of A and B after 


this impact. Then 

-1 ) 


32 


u. 


and 




u 


13 


3 7 

16 " = 16- *'• 




15 

16 


u. 


u 


u 


Now velocity of C / e., is greater than that of B i.e., 

also the velocity of B i.e., is greater than that of A i.e., 

therefore there will be no more impacts. Hence there will be 
three impacts and the ultimate velocities of A, B, C, are u. 


15 

64 

13 

64 


16 


u. 
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i.e.y ratios= 


= 13 : 15 : 36. 


n. 9_ 

64 ‘ 64 ■ 16 

Ex. 8. Two equal spheres of masses m' are suspended by 
vertical strings so that they are in contact with their centres at the 
same level. A third equal sphere of mass m falls vertically and strikes 
the other two simultaneously so that their centres at the instant of 
impact form an equilateral triangle in a vertical plane. If u is the 
velocity of m just before impact, find the velocities just after impact 

and the impulsive tension of the strings. 

After impact, spheres of masses 
m’ move horizontally, say with velocity 
V and let u’ be the velocity of m after 
impact which is vertical. Let/be the 
impulse between the upper and either 
of the lower spheres, T the impulsive 
tension of the strings. 

By New:on’s law between the 
upper and one of the lower spheres, 
along the line of centres, we have 
u' cos 30 '— V cos 60* 



and 2 I cos 30°=m(w-u ) 

Hence from (1) and (2) we have by solving 
u{m-(>em') , \/3 


= —eu cos 30° 
i.e., w'V 3 — V = — eu's/S 

Also I cos 60’"=m'v 

m{u — u') = 2\/3 m'lf ... 


(0 

( 2 ) 


Also r=/cos 30°=v'3 '» 


m + 6m 
"imm'uiX+e) 


Ex. 9. Two equal balls moving with equal velocities collide 
simultaneously with an equal ball at rest and with each other, their 
directions ot motion being inclined at equal angles a to their common 
tangent at the moment of impact. Prove that after impact their 

directions are inclined at an angle 2 tan'^ 


and that the fraction 

sin= x)/3 

of the originil kinetic energy 
disappears at the impact, e 
being the coelhcient of res¬ 
titution between all the balls. 

Let A, B, C be centres of 
the three balls. They form 
an equilateral triangle. Let J 
and K be the impulses between 
.-1 and C and A and B, U, V 
be the components of velocity 
A OT B ; W be the velocity of 
of C. 


to each other 
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For Ay 

m{U—u cos a) = —J cos 30 
m{V-\-u sin a.) = K-\-I sin 30 
For C, mU'=2J cos 30 
Newton’s Law between A and C gives 

U' cos 30 — C/ cos 30 F sin 30 = eu cos (30—a) 
Newton’s law between A and B gives 

2V=2€u sin a. 

These equations give 

{ 7 =?“-^ « cos a, V=eu sin a, C/' = -^(I+c) u cos a. 

V \ ^ tan a N 

••• 2 tan-* j =2 tan-'2-^ “} 

A". £*. Lost _mu~—m{U*-\-V'^)—\mU^ 

Orig. K. E. mu~ 

_(l-e2)(l+2 sin^ a) 

"" 3 ' 


Ex. 10. Prove that if two equal and perfectly elastic spheres impinge at 
right angles, their directions after impact will still be at right angles. 

Ex 11. A ball impinges on another at rest ; prove that if the co-cITicient 
of restitution be equal to the ratio of their masses the balls will move in directions 
at right angles to each other. What will happen in the case of direct collision ? 

Ex. IZ. The masses of three spheres A, Ti, C are 7m, 7/>i; m; theirco-cfTicient 
of restitution is unity, their centres are in a straight line and C lies between A and 
B. Initially A and B are at .-esi and C is given a velocity along the line of centres 
towards A. Show that it strikes A twice and B once and that the final velocities 
o{ A, B, C. are proportional to 21, 12, I. 


Ex. 13. Two equal spheres A, B lie on a smooth horizontal circular groove 
at opposite ends of a diameter. /I is projected along the groove and at the end 
of time T impinges on B. Show that the second impact will occur after a further 


time 


2T 

c 


where e is the co-efficient of elasticity. 


Ex. 14. Two equal balls of elasticity c impinge, having before impact 
resolved velocities «„ w, in the direction of the common normal and v, per¬ 
pendicular to it. If their motions after impact arc at right angles, prove that 

Ex. 15. Two equal smooth spheres, of radius r, move with the same speed 
in oi^osite directions in parallel lines which arc at a distance c apart; prove that 
the direction of motion of each deviates, on impact, through a right angle if 
gHI^«)=4er*, where « is the co-efficient of restitution. 

Ex 16 Three small equal spheres arc projected simultaneously from the 

corners of an equilateral triangle with equal velocities towards the centre of the 

triangle and meet near the centre. Prove that they return to the corners with 
velocities diminished in the ratio c : I. 

Ex. 17. Two equal balls of radius a arc in contact and are struck simul¬ 
taneously by a ball of radius c moving in the direction of their common tangent. 
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If all the balls be of the same material, the co-efficient of elasticity being c, find the 
velocities of the balls after impact and prove that the impinging ball will be reduced 


to rest if 2 tj= 


€• (a+c)* 
a* (2a+c) * 


'Ejc. 18. A smooth spherical ball of mass m is lied to a fixed point by a light 
inextensible string, and another spherical ball,of mass in' impinges directly on it 
with velocity u in a direction making an acute angle a with the string. Prove that 


the velocity with which m begins to move 



m' sin a ( 1 +fi) u 

sin^ ’ 


Ex. 19. Two small spheres of masses m, m', hang just in contact by two 
threads of equal lengths, the spheres are drawn apart, each thread reinaining tight 
to the same vertical heights and then let go simultaneously; find the vertical 
heights to which they will rise after the collision, e being the co-efficient of 
elasticity. 

Ex. 20. Three elastic panicles of masses /«„ wij, ni, lie in a straight line on 
a horizontal table and m, is projected towards m,. If e=m, 

r«a n+r)'show that the velocity of «j, after striking m, will be equal to that of 
Wj after striking m 3 . 


Ex. 21. A smooth ball strikes another which is at rest, the angle betweei> 
the line of centres and the direction of motion of the first ball being o. This ball 
moves olf in a direction perpendicular to its original direction. Show that the 
masses of the balls arc in the ratio of e cos* a— sin* a : 1 , where e is the co-efficient 
of restitution. 


Ex. 22. T\vo equal spheres, centre .4 and li, lie in contact on a smooth table 
and -4 is .struck directly by a third sphere, centre C' moving with velocity F in a 

direction making an acute angle 6 with AB. Show that after impact A moves 

in a direction making an angle cot-» (cot 0-1-2 tan Q) with CA produced. 

Ex. 2 . 1 . Two small balls of equal mass can move inside a rough endless 
horizontal tube of length/. One ball impinges with \clocity u on the other at 
rest. Ifjhc friction of the tube produces a retardation /in either ball, and if after 
impact the balls just meet again, prove that 2l/=u-c where e is the co-efficient of 
restitution. 


Ex. 24. A smooth spliere of mass m is lot fall and when its velocity is u it 
strikes another smooth sphere of mass M suspended at the end of a fine inexten- 

sible string, the line of centres making an angle 0 with the vertical at the instant 
of impact. Show that the horizontal and vertical components of velocity of the 
impinging ball after impact arc 

A/Msineco.s 0 (l ^_A/(l-l-e) cos- 0 \ 

A/-i-msin -0 ’ “v/ ~A/+rrt sin^ 0 / 

52. Direct impact of a solid on a fixed smooth surface. Let a solid 
of mass ni impinge perpendicularly on a fixed surface and let its velo¬ 
cities before and after impact be u and v respectively. 

The fixed surface may he imagined to be another solid whose 
velocity before and after impact is zero, then by Newton's Law 

V— 0 = — e(K— 0 ) 
or v = —eu, 

that is, after impact against a fixed smooth surface the solid moves 
back with a velocity which is e times its velocity before impact. 
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Impulse of the blow on the plane=impulse of blow on the solid 

in opposite direction. 

=change of momentum of the solid 

= ni(u— v)= mu( 1 +e). 

Oblique impact of a perfectly smooth sphere on a perfectly smooth 
fixed plane. 


Let the velocities of the sphere 
before and after impact be u and i\ 
which make angles a and 0 with the 
line AN, perp. to the plane at the 
point of contact A. 

The plane being smooth, there is 
no force of friction betw’een the 
sphere and the plane along the plane. 
There is no other force along the 
plane, impulse of blow being perp. to 
the plane, the velocity of the sphere 

is unaltered along the plane. 

• V sin Q = u sin a 




Also by Newton's law 

V cos 0 — 0 = —e (~w cos a- 0 ) 

or V cos 0=f’w cos a 

Squaring and adding we get 

v- = u’ (sin*aH-e* cos“ a) 


and dividing cot 0 =c cot a- 

Impulse of the blow =change of momentum of the sphere 

along the normal 

— mu cos a —(~wv cos Q)=m{]-\-e)u cos a. 

Ex. 1. A ball, dropped from a certain height Ii on a horizontal 
plane, bounces up and down and finally comes to rest. Discuss the 
motion. 

If u be the velocity of fall tlien u~ = 2gh. If v be the velocity ol 
rebound after the first impact then v = cu=e\/2f'h. The ball goes 

v’ , . • 

up with this velocity to a height say so that /i’- 2 g ^ ** 

. , V , / '2 h 

takes a time say when ^ ^ 

The ball again drops and strikes the plane with velocity v, so 

rebounds with velocity ev and goes to a height 2 g after a time 

g y g 


and so on. 
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Hence the total distance described 
=A -{- 2e Vi+2e *A+2e®/i+. 

and the total time 

=/\Jj\_l+2c+2e^+2e=+ .J 


=V|[i+,y=;i:v 


u 

g 


Ex. 2. A square table whose side is fl has raised edges. 

A particle of elasticity e is projected from a 
point P in AB and hits the sides BCy CD, 

DA in Q, R, S; prove that PQ, RS are 
parallel. If a be the angle QPB and BP=x, 
prove that if the particle returns to P, 
x{i—e)=a (1—e cot a). 

Let the angles of reflection at Q, R, S 
be p, y, 6. 


tan 3— 


Then cot cot a, cot -{=e 
tan a, cot 5=e tan y=^ cot a 

y= 7 r/ 2 -a /_DRS^oi^/iBPQ 

also cot 5=c cot a=^cot [3 5=fi 



PQ is parallel to RS. 
SP is parallel to QR. 


Henceis a parallelogram. SP=^QR 
Now SP=AP sec 6=-.((7 —.v) sec [3 

QR = CQ cosec ^ = {a--BQ) cosec p = (o—-v tan a) cosec p 
Hence («—a) sec p —(o—.v tan a) cosec p. 
or (fl—.v) tan p=a—.v tan x 
, tan a 

or (a—V) ^ =<j—A* tan a 


or A 


^tan X ^ \ C tan x . \ 

{ , , -I) 


Ex. 3. 


\ ^ 

or A (I —c)=r/ (1 -e cot a). 

From one corner A of a rectangular billiard table ABCD 

^ a ball is projected in a direction 
making an angle a with the side AB ; 
it strikes first in the side BC, then 
AD. then DC, then BC again and 
then returns to A. 

Prove that :— 

AB __ e- cot a 
AD^ X+e- ' 

Let the path of the ball be APQRSA. x is the angle of incidence 
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at P. P be the angle of reflection at P, Y that at Q, 6 at R and ^ at S. 
Then cot P = c cot a, cot y^e cot cot a. 

cot 5=:c tan y=-^tan i. cot = c tan cot *. 

Now : AB tan cl=BP—BC—CP=AD — XD=AD—XQ — QD 
^AD-PXidiVi tan y 

^AD — AB tan p —(Z)C-J?C) tan y 
=AD—AB tan ^ — AB tan y + CS tan 6 tan y 
= AD—AB (tan p+tan y)-\-{BC—BS) tan y tan 6. 

=AD-AB (tan p^ tan V) + -4D tan y tan 6-^^ tan y tan g 

^AD (1+tan y tan 5)-AB (tan ? + ^ ^ 5 . 

= AD (H-tan y tan 5) —-4B (tan p4 tan V)-.4^ tan y 
tan 5 tan y. 

i.e.AB (tan a+tan ?+tan V + tan y tan 6 tan i,) = AD[\ +tan-rtan 6) 
i.e. AB^^zn a+ tan »+ tan tan a e cot x tan x J 


< 


i.e. AB tan a (I+e + e^ + e^)= AD. eHI+e) 

AB cot a 
1-1 c" 


AD 


Ex. 4. A smooth circular table IS surroundLd by ^ ^ 

whose interior surface is vertical. Show that a P ^ ^ ^ 

the table from a point on the rim in a directio r,nTnt of nroiec- 

with the radius ihrough the point, will return to the p P 

tion after 


(0 two impacts if tan a= , j ^ ^ (”J impacts if 



A is the point of projection and B. C are the points of impact. 
Let ^ 0 /l 5 = a,/. 0 i?C=P and Z^OCA==y 
So that Z.0BA=9., /_0CB=^ and ^O^C-V 
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For the impact at B, cot ^='e cot a 

and for the impact at C, cot y= ?i, cot cot a. 


But + 


TT 


/. a+p=-2 —y 


,, tan a+tan 0 ♦ 2 ♦ 

Hence. , , ‘^^=cot cot a 

I — tan a tan ^ 


or 


or 


cot a+cot p 
cot a cot p— 1 
cot a + c cot a. 
e coFa— 1 


= e- cot a 


— e^ cot a 


or c^coFa —1 


. . cot-a =- 


or tan-a=, . , , 

1 -re~{-e’ 

If M, V, iv'be the velocities of the ball along ABy BCy CA then 
v’=u' (sin-x+£- cos- a) and w-=v^ (sin- p+e® cos® p) 


3 

Ian a . / 

Now tan a= tan p= ^ = y , 

/. sin® P= , , > and cos® P^r-rm .2 


-fe+e® 


1 4-2^ + ?® 


If2e4-c 


Hence 


'TSr?') - «=V-; 


+0 

■f^ 


similarly 


w a 

= e 
u 



Cot p- -■ cot a. cot y- e cot p —c® cot a, cot 6 = e cot y = c® cot a 

Now a + p4 T + S = - tan (a4-p)== —tan (y+5> 

tan a4 tan p ‘ tanv4-tan5 
or- * * 

1— tan a tan p 1— tan y tan 6 



IMPACT 


119 


tan 


or 




, tan^a 

1 ^ 7^ 


1 - 


tan-a 


or 


tan*a=e® 


a 

»> 


Also tan a tan 6=tan p Un y= 
Hence tan (a+6)=oc 


tan a —c” 
tan^x 


-K 


TT 


a+s=-i =[^+y 


TT 




Ex 5 A particle is projected from a point at the foot of one of 
two smooth vertical walls, so that after three impacts, it may return 
to the point of projection. If the last impact be direct, show that 

e^+e^-\-e=l. 

Let the particle be projected from A with 
components of velocity (u, v) and B, C, D be 
the points of impact. Let /j, be the 

times for AB, BC, CD, DA. 

For AB, u remains unchanged so that if 

AO = a,a = uti ~ . At B, vertical velo¬ 

city remains unchanged, u becomes eu after 
impact hence for BC, eu remains unchanged. 

A a=€UU ft= 


a 

eu 



At C, again vertical velocity remains unchanged, eu becomes e-u after 
impact 


a 

for CD, a=e^ut 3 


Similarly U= * 


Now V becomes zero at D since the 
V is destroyed in time (/i+^z+tg) and in 
vertical velocity again becomes v 


impact there is direct i.e., 
moving from D to A, the 



i.e. e=\. 


Fx 6 A ball is projected from a point in a horizontal plane , 
after one rebound from the plane it strikes directly against a vertical 
wall; after two more rebounds it returns to the point of projection. 
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Prove that e=2 (I— 



o r projection, successive points of impact are 

B^CyUyEyA* Let v be the horizontal and vertical components of the 

velocity of the projection. If be the time from A to B, and 


2wv 


g 


AB^ut^= . At 5, u remains unchanged, v becomes ev after 

impact for BC, if be time. the time of flight since the 

impact at C is direct. 

?3== — and 50 =h/o=— 

g - g 

At C, IV becomes eu after impact and since the impact atCis 
uirect, the time for CD is the same as that for BC. 


OD=eu.u= 


e‘uv 


g 


At D, vertical velocity and horizontal velocity just before impact 
are ev and eu and after impact, ev becomes e"-v, eu remains unchanged 
if /3 be the time for DE, ^ 

2e^v 2e®«v 

^ 3 = - — and DE=eu.t^~ - 

^ s 

At E, becomes e'^v and eu remains unchanged if be the time 

{otEA,u= .EA=eu,,= ?fl!L^ 

g g 

Now AB-^BO = OD+DE-\- EA. 

. 2uv euv e®Mv 2e^wv 2e^uv 

g g g ‘ g ^ g 
or 2^e=e^-ir2e^-\-2e* 

or (I^f-^)(2e3+e-2)=0 /, 2e3+e-2=0 

.»i From a point in a smooth horizontal plane a ball is proiecled with 

velocity « at an angle a to the horizon. Show that it will keep leboindSg fS 

5 ( 1 -'^ ““ '■ave a range . 
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Ex. 8. A particle projwied with velocity u and in a direction inclined to 
the vertical at an angle ®, impinges against a vertical wall whose plane is perpendi¬ 
cular to the plane of its path, and distant h from the point of projection. 

Prove that, if after impact the particle returns to the point of projection 

e = 

u* sin 2z~gh' 

. A particle Is projected from a point in a horizontal plane so as to 
’■'Sht angles, and after rebounding from the wall, and once 
from the horizontal plane, returns to the point of projection. Prove that f = J. 

Ex. 10. A particle is projected with velocity u from a point A on the 
ground so as to Stn'ke a smooth vertical wall distant A and after impact to strike 
the ground at a point midway between ^4 and the wall; show that the angle of 

projection is a where sin 2* = + . 

2cu* 


Ex. 11. A ball is dropped from the top of a tower of height/» and at the 
same time another ball of equal weight is projected upwards with velocity v/ 217 /t 
IK® tower and collides directly with the falling ball. Prove that 

the falling ball will, in the rebound, rise to a height short of the top of the tower 


Ex. 12. Particles arc projected horizontally from diflerent points in a tower 
of height A. each with a velocity due to the height of the tower above the point 
of projection. Prove that (hey will all cease rebounding from the horizontal plane 


through the foot of the tower within or on a circle of radius h with its 

1 —c 

centre at the foot of the lower, whereis the co*cfllcicnt of elasticity for all the 
particles. 


Ex. 13. A ball is projected from a point in one of two smooth parallel 
vertical walls against the other in a plane perpendicular to both, and after being 
rcHccIcd at each wall impinges again on the second at a point in (he same 
horizontal plane as it started from : show that 6<*=(i(I +c-f-c*), 
where b is the free range on horizontal plane and « the distance between (he 
planes, e the co-cfficien( of e]as(ici(y. 

Ex. 14. A smooih s(rajght tube of leng(h (a + fc) is closed a( both ends and 
con(ains a particle which is initially at a distance a from one end. The panicle 
is projected with velocity v towards the other end. Provk that it is next moving 
through the same point relative to the tube and in the same direction after time 

+ 6^(1 H—/w where « is the coefT. of restitution between the particle 
and either end of the tube 


Ex. 15. A smooih ball is projected from the ground with velocity u so as 
to hit a smooih vertical wall and bounce back again. Show that it cannot bounce 


further than a distance of e 




from the wall, where d is the distance of 


the point of projection from the wall. 


Ex. 16. Two parallel vertical walls of height h stand on a horizontal plane. 
A ball is projected from the foot of one wall directly towards the top of the other 
and after impact just clears the top of the first wall. Prove that the point of impact 


is at a depth 


he 

(l + ep 


below the top of the wall. 
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Ex. 17. An imperfectly clastic sphere of mass m, moving with velocity u 
impinges on another sphere of mass mf at rest. The second sphere afterwards 
strikes a vertical Cushion at right angles to its path; show that there will be no 
further impact of the spheres if m 

where e.e' are the co-efficients of restitution between the spheres and the sphere and 
the wall respectively. 

Ex. 18. A ball moving a velocity v impinges directly on a ball at rest; the 
latter ball moves with the velocity communicated to it and after a direct rebound 
from the wall comes into collision with the first ball. If the first ball is reduced to 

rest, prove that the ratio of the mass of the second ball to that of first is A where A 
isaroot of the equation ^*^ 2 —(3+2e+e*)-l-l =0, 

Ex. 19. A particle is projected from a given point in a horizontal plane at an 
angle a to thi horizon and after one rebound at a vertical wall returns to the point 
of projection ; prove that the point of impact must lie on the straight line 
yfl +e)=x tan a, x.y being measured horizontally and vertically from the point ot 
projection. When the velocity of projection and not the direction is given, the 
locus of the point of impact is the ellipse. 

x*+»r {l+e)*=4c/j« 

where h is the space due to the velocity of projection. 

Ex. 20. A ball is projected from the middle point of ore side of a billia^ 
table, so as to strike first an adjacent side, and the middle point of the side 
opposite to that from which it started; show that the ball, will hit the other 

adjacent side at a distance , from the end nearest the opposite side, 6 being 

I +<• 

the adjacent side. 

Ex. 21. A ball is projected along a horizontal plane from the middle point 
of one of the sides of an isosceles right angled triangle so as, after reflections at the 
liypotcnuse and the remaining side, to return to the same point; prove that tne 
cotangents of the angles of reflection are e+l and e+2 respectively. 

33. Impact on an inclined plane. A ball is projected from the 
foot of a plane inclined at an angle ? to the horizon, with a velocity 
u at an angle x to the plane. To discuss the motion. 



Components of m parallel and perpendicular to the plane are 
n cos a, « sin a and components of^ in these directions—g sin p, 
-S cos (i. 

Let A, B etc. be the points of impact with the plane, 


r sin a. 

time for OA - 

g cos p 

At .4, u cos a remains unchanged while u sin x is changed to 
eu sin a after impact 

time for AB— -and so on. 

g cos p 
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^ s* r\ 

Hence the total time of rebound= _ . —(1 +e-{-e“l-...to inf.) 


g cos p 
2 u sin a 


= T say 


g cos P(l—0 

The distance moved up the plane=i/ cos 7..T—\ g sin 

[cos (a-f-P) —^ cos a cos fi]. 


2u^ sin a 


g cos^ !3( 1 — 

After this there will be no more rebound but the ball will still 
move up the plane till it cos z is destroyed. If t be the total time of 
moving up the plane 

u cos a. 

o = MCos x~g sin p. /. /= gsm p" 

If the ball returns to the point of projection after r impacts, there 
will be (/■-f-l) parabolas and the lime taken is 

g cos [i 

2 M sin a 1 — 

~ g cos p 1 — e * 

Since the ball returns to the point of projection, distance moved 
is zero .*. 0=m cos a i g sin 

1 —^ 2u cos a 
1 —e ~ g sin {i 

or tan a tan p (1 — e*’■•■*)= 1 —e. 


i.e. 


2u cos a , 2u sin a 
'g sin p g cos [i 


If the ball strikes the plane normally at the /•"* impact, the velocity 
u cos a along the plane is destroyed there so that the time upto 
the r"* impact must be equal to the time of returning to the point of 
projection. 

Now time upto r"* impact=—^ {1 i e-\-e'^ • ... to r terms) 

g cos fi 

2 sin a 1 ~e' 

“ g cos p l—e' 


If the ball returns to the point of proicction at the impact, 
the ball will describe {n — r) parabolas after the impact, the 

2u sin 


time for which is 


geos p 




to {n — r) terms 


) 


2m sin « 
g cos p 


( 


I -\-e 


-t e 


to (n — r) terms 



2m sin a. (I —e" ') 
g cos p l — c 
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Since the time up the plane is equal to the time down, we have 
2u sin <t 1 —c** _ 2u sin a. ]—e"- ’’ 

1—e cosp ‘ 1—e 
or l—e^=e^~e^ 

or e"-2e^+l=0. 

Also since the ball strikes the plane normally at the rth impact, 
the time upto that instant is equal to the time in which u cos a is 
destroyed 

2u sin a 1 --e' _ u cos a 

^ cos p I—e ^sinp 

or 2 tana tan p (\—e^)=\~e 


Ex, 1. A particle of elasticity e is dropped from a vertical 
height a upon the highest point of a plane, which is of length b 
and is inclined at an angle a to the horizon and descends to the 
bottom in three jumps. 

Prove that b=4ae (1+^) (I+e+e*) (1+^®) sin a. 

If u be the velocity at the 
top O, u-=2ga 

A, B, C are the points of impact, 

C being the bottom of the plane 
components of u along and perp. 
to the plane u sin a, u cos a and 
those of,? are g sin a, g cos a. 

After impact at O, velocity 
perp. to the plane becomes eu 
cos a and velocity parallel to the C 
plane u sin a remains unchanged. 



if ty be the time for OA, r,= 


2eu cos a 2eu 


g cos a g 

2e*u 2e^u 

Similarly if be the times for AB^ BC, U= 


g 


2h 


/. /=totaI time=i,+r 3 +r 3 = — e(l+e+e*) 

s 

i ♦ . 1 - ^ sin a , . 2 \ 

Now b=u sin sm ct* /*= — — 

S 




g 


» . 


=4a sin ae(I+e+e*)(l-f 

=Aa sin ae(l-h^+e*)(H-e)(l+e*), 


Ex. 2. A smooth clastic sphere is projected at an elevation a up a pteM 
which makes an angle p with the horizon. If on striking the plane it rebounds 
vertically, prove that 

+1) sin p sin (st — p) =cos *. 
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Ex. 3. An elastic particle is projected from the foot of an inclined plane of 
angle a and hits the plane atrright angles. If p be the angle of projection with the 
plane, prove that 2.tan a tan p=l. If the particle returns to the point of 
projection in two jutnps, prove that 

\/5-l 

e= ^ 

2 

Ex. 4. A particle after falling from rest through a distance h strikes a 
smooth plane inclined at an angle a to the horizon. Show that the distance 
between the first two points of impact is 4he(\+e) sin a. and the whole range 
on the inclined plane when the particle ceases to rebound is 

Ahf- sin t 
(1-c)* 


Ex. 5. A ball is projected with velocity »• from a point of a plane inclined 
at an angle a to the horizontal ; the direction of projection is at right angles to 
the plane. Prove that before ceasing to rebound, it will have described a length 


2t>* sin a 
pcos* a. (1—e)* 


along the plane. 


34. Kinetic Energy lost by impact. Two spheres of given masses 
moving with given velocities impinge ; to show that there is always a 
loss of K. E. 


(/) Direct impact. 

The equations are mv-\-m'v' = mu-\ m'u' 

V—v' = —f/') 

{mv-\-m'v'f i-mm'(v — v'f = (mu { 7n't4')- { mm'eHt^-n'f 

^ {nu4 >: nt'ii'f \ mm‘(u — u')^ 

— mm'( 1 — —m')* 

i.e. (m-\~m'){mv^-\-m'\'-) = {m-\-m')(mir 1 m'n'-) 

— mni'i 1 — 


mm 


m'v'^==mu^-ym'u'^- («-»')" 

Loss in K. E. —Qmt4'^~^ltn'i4'^) — iiitnv~-\-lm'v'^) 


t.e. 



mm 
m-i m' 





(ii) Oblique impact. 

The equations arc u sin a- v sin 0 

u' sin fi — v' sin <!> 

mv cos m'v' cos *]» mu cos a | m'u' cos fi 
V cos O — v' cos <J»~~e(u cos a-w' cos [i) 

/. (mv cos d \ >n'v' cos •l>f-\-mm’ (v cos e —v' cos V>)'“ 

= (mu cos a • m'u' cos {if-\-nun'e- (ucos v.— u' cos (if 

= {mu cos oc.-\ m'u’ cos {'j)'^-i-mm' (u cos a -u' cos (i)‘‘ 

— (1 -e~)mm' (u cos a—n' cos fi)- 

i.e. (m j m')(/«v'-cos=& + m'v'2cos2'/-) = (/« + m')(/n»^cosV.-|-«J'M'’^cos'=fi) 

- (1 —C-) m4n'(u cos a — w' cos [ 5)2 




126 


A TEXT BOOK ON DYNAMICS 


or 


(mv^cos® 0-f m'v'- cos- ^)=(mu2 cos^ aH-m'u'® cos* p) 

__(l_e 2 ) (u cos a —M* cos p)® 

^ m+m 


Loss in K. £.=Gmfr+im'w'2)-(imvHiw'v'*) 

cos* a+«* sin* a) + ^Hr(w'^ cos* sin* p) 

-im(v* cos* e+v* sin* e)-i/«'(v'* cos* <i*+v'* sin* . 

=(Amw* cos* 7 + im'u'“ cos* P)-(imv* cos* ccts® V) 


= i (l-e*){« cos a —M'cos p)* 

“ m-l-w' 

Since c< 1 this is positive and there is always a loss of K.E. 

This vanishes when e=l i.e. when the spheres are perfectly elas¬ 
tic, there is no loss of K.E. 

Ex. 1. Two equal smooth-balls are placed in contact and at 

rest on a horizontal table. A third 
ball exactly similar to the other two 
impinges symmetrically upon them. 
Show that the impact diminishes the 
whole K. E. of the balls in the 
ratio (2-i-3e*) to 5. 

u is the original velocity of A : B, 
C at rest. 

m' the velocity of Ay v that of 
y 5 or C after impact. J is the im¬ 
pulse between A and B or A and C 
nnH AT the imoulsc between B and C. 



For D or C, cos 60, K sin 60=0. 

For m {u'—u) = -2J cos 30 
Newton’s Law between A and B is 
v'—u' cos 30=eu cos 30 


2_3e (e+l)M\/3 

These give u - ^ u, v= - ^ ~ 

■ 5 

lix. 2. If two inelastic spheres have direct impact, show that the K.E. 
lost by the impact is that of a body whose mass is half the harmonic mean between 
those of ihc spheres and whose velocity equal to their relative velocity before 
impact. 

Ex. 3. Prove that the energy lost in the collision of two smooth spheres fa 



where / is the momentum transferred from ball to ball. 
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Ex. 4. If two particles of masses m, m'moving wiih velociJies impinge 

directly, prove that the condition that each loses the same amount of K E is 
O + e){Tnv+m'v') + (l—c){mv’ + m'v) = 0. 


35. Some more worked-out examples. 


Ex. 1. Two particles start from the same point in the circum¬ 
ference of a smooth horizontal circular table with raised edges. After 
each has been reflected twice at the circumference, the one returns to' 
the point of projection and the other arrives at a point diametrically 
opposite. Prove that if a and p be the inclinations of their directions 
of projection to the radius to the point, tan a tan P —e®. 


For the first ball we have by Ex. 4 Art. 32, tan^ « 



1 I e-l 


For the second oarticle A is the 
point of projections, B, C, D arc the points 
of impact, AD being a diameter. Let the 
angles of reflection at B and C be y, g. 

Then cot Y = e cot p, cot g'-c cot v —e- cot p. 

Also P4-Y + g = 7r p+y-TT-S 

Hence =- ' 

cot P cot Y— 1 col g 

QJ. cot p + C cot p^ 1 

e col'* p — 1 ' cot p 



i.e. tan'* ^ —e-l e® 

Hencetan*3:tan2p=,- 

iH-e + c* 


t'(l -1 c-|-e") = e^ tan a tan p = c2. 


Ex. 2. Two equal clastic balls arc projected towards each 
other at the same instant in the same vertical plane, v being the velo¬ 
city and a the elevation in each case. .Show that after impact they 
will return to the points of projection if g</ (I sin 2a wliere 

2a is the distance between the points of projection. 


A, B are the points of projection. 
The balls will describe equal parabolas 
and will meet on a vertical plane passing 
through O, the middle point of AB. The 
case is therefore the same as the reflection 
of a ball from a vertical plane at a distance 
a from the point of projection. Let them 
meet at P. 

For one ball, the time from A \o P 
and back to A is the total time of flight 

and therefore equal to 



g 
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Now the time for AP given by cos a. /j 


h= 


V cos a 

At P, the horizontal velocity v cos a becomes ev cos a after impact 

a 


Hence 


time for PA is 
2 v sin a 

4 

8 


ey cos a 
a 


+ 


a 


V cos a ev cos a 
i.e. 2v2 sin a cos a=ag 

€v* sin 2a.^ag (!+«)» 


I 

or 


Ex. 3. Two elastic spheres equal in all respects are moving 
towards each other with equal velocities, their centres being on two 
parallel lines whose distance apart is d^. Prove that after impact they 
will move away from each other with equal velocities so that their 
centres are on two parallel lines, whose distance apart is given by 

^ where is the diameter of either 

sphere and d^ is < d. 



Let the spheres move with velocity u at an angle a to the line 
of centres and let their velocities after impact be v, v' at angles 0 , 9 
to the line of centres. 


Then sina=- 


d. 


The four equations are 

V sin 0 =M sin x, v' sin 9=w sin a=v sin B 
— V cos 0 + v' cos cos a —w cos a = 0 v' cos 9 = V cos 0 

/. tan 9 =tan 0 9=0 hence in parallel lines 

Also v'“ (sin- 94-cos’ 9)=v® (si”* 0 +cos* 0) v'=v. 

Also v' cos 9-r V cos 0 = -e (-H cos a-w cos a) = 2eM cos a 


• V cos B—eti cos a 

♦ ♦ ^ 

also vsin 0 =Msina 

/. e tan 0=tan x. 
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But 


sin 



and sin B= 



• e ^2 _ .^1 

x'd^-d^ 

Hence d.^ie^d'^ -\-{\-e^)d;^\=d^d^^. 


Ex. 4 . A heavy particle, perfectly elastic, falls down a chord 
from the highest point of a vertical circle, and after reflection at the 
curve passes through the lowest point. Prove that the inclination of 

3 ^ 1 

the chord to the vertical is i cos-* f ' ^ ) 


A is the highest and B the 
lowest ppint. A particle goes along 
AP, is reflected at P along PT and 
moves in a parabola which passes 
through B. Since the particle is 
perfectly elastic, 

_ OPT^/LOPA = / OAP 

— X say, O being the centre. 

Also velocity along PT—velocity 
along AP=u say. 

Now/tP=2a cos X, a being the 
radius of the circle 


A 



if PM be perp. from P on AB, 
tP — 2g. AM=4ag cos® x 


/TPM- -j -(tt -3x)r- 3x-7r/2 = ©say. 

With P as origin, B is the point (,v; ) where 

-~x — PM AP sin x = 2a sin x cos x, y — MB 
— 2a cos® X 2a sin® x. 

The equation to the parabola is 
y = x tan 0 — \ g 


= 2a 


.V® 

w® cos® B 


Hence for the point B. 


. . „ - . , , 1 4a* sin® X cos- a 

2 o sin- X — 2a sin « cos x cot 3x4-1]? • a • a ^ 

^ 4ag cos® x.sin® 3x 

or 4 sin® x sin* 3x= —4 sin x cos x sin 3x cos 3x4-sin® a 

or sin® a (1—4 sin* 3x) = sin 2a sin 6a 

or sin* x [I —2 (1 —cos 6a)] = sin 2a sin 6a 

or sin* a (2 cos 6a —1) -sin 2a sin 6a 

or (I —cos 2x) cos 6x —sin* x = sin 2« sin 6* 
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or cos 67 .—sin2x=cos 4a 

or cos 6 a—cos 4a=sin*a or —2 sin 5 a=sin a 

or —2 (16 sin® a —20 sin® a+i sin a) = sin x 

or 16 sin^ a—20 sin® a-i-5 = —i 

or 4 (1—cos 2x)®—10 (1—cos 2a)+5:= —J 

or 8 cos® 2x- 4 cos 2a —1=0. 


cos 2(7 =_^ ^ ^ zr=^ ^ ^ 

4 ■ 4 • 


Lx. 5. A wire-4in the form of an equilateral triangle is 
lo^d on a horizontal table. A particle is projected from a point in 
BC in a direction parallel to BA. If the point of projection divides 

BC m the ratio 2f : 3e—1, prove that the particle will return to it 
after impinging on AC and AB. 


A 



P is the point of projection, Q, R the points 
of impact. 

If n be the side of the triangle, let BP=x 
so that PC=^a~x. 


QO and RO be the perpendiculars at 
and R. 



a, ^5 be the angles of reflection at Q and R. 

Then /^PQO='iO since PQ is parallel 
to .45 and /:^^<9=60-a. 


Hence cot x - c cot 30=\/3.e 


and cot f cot (60- x) e 


1 


,y\'3.e +1 


col a— cot 60 ■ ,, I 

V 3. e — 


~e. 


c rl \ 3c(l-}-ei 
3e- r 3c^n“ 
\ 3 

.Y 




P R 

Now PQ (1 —.vand _• ^ from triangle 555 

sinoU cos fl ® 


55=. 


\ 3a- 

^ cos 3 


From triangle PQR, . 

’ sin (a4-30) sin(fJ-}-60-a) 


i.e.. 


3a 


o~x 


2 cos ft sin (a4-30) cos (.S-a+aoj 

or ^ '3 a cos (p-a + 36)=2((7-A) cos p sin (a+30) 
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or X [\/3 cos cos (a -30;-i-\'3 sin sin (a f 30)4-2 cos fi sin 

(a-i*30)] —2a cos fJ sin (a-f-30) 
or X (3 cos y. cos fi-- \ 3 sin y cos -f-3 sin x sin \i> 

+ \ 3 sin ^ cos a f2\'3 sin a cos ■ 2 cos x cos [i] 

— 2a cos (\ ^ sin x4cos a) 

or .V (5 col X cot -I y ^ cot [5 f \ 3 cot a • 3) -2a (\ 3 cot fi- col a 

cot 


or 


r3c () ■ c) 3£'^ (I i <■)'] 
L 3c I ■ 3c- 1 J 


2ai - 

3c I 

or .rfl.lc* (1 c) 3c (1 i c) ‘ 3 (1 -l-c) (3c 


3c 

I)] 

2af3c (I 


c) • 3. - (1+c)) 


or a'(5c^ : 4c — 1) 2ac (I 
or a(5c 1) "^ac 


c) 


Required ratio 


-V 

a \ 


2ac 


lac 


2ac 


3ar' 


a 


2 c 

-V-l 



Ex. 6. A number of particles arc let fall from a liorizontal 
straight line upon the con\cx arc of 
a fixed vertical parabola whose direct¬ 
rix is the fixed line ; show that the 
parabolas which the particles describe 
after impact on the curve have a com¬ 
mon directrix at a distance a(l—c^; 
below the given line where 4a is the 
Jatus rectum of the given parabola and 
c the co-eflicicnl of restitution. 

Parabola be 4(ix. Let I* be 
the point of impact and let the tangent HT at P make an angle ^ 
with the axis of the parabola, so that its slope m = ian 0. 

Lquation to the tangent is y mx ‘ 

or >■ A tan j a col 

F is the point {a col* 0^ 2a col 6) 

FM a a col* 0 ’ « coscc* 0 

velocity due to fall through FM \'2gu cosec* e v 2ga cosec £/. 
Its components along TF and normally are \/2ga coscc 0 cos Q and 
y/2ga coscc 6# sin 0 col 0 and \/2}’a. 

By impact the velocity along the tangent is unaltered and the 
velocity along the normal becomes e times the original velocity. 
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Hence after imp^t components of velocity along the tangent and 
norma! are V 2 ga cot Q and €-\/2gJ, the velocity of rebound 

= \/2ga \/e^+cot*~W. i 

height of directrix of the subsequent path above P 

= {vel*2^ - -=fl(eHcot^ &) , 


/. its depth below XXf=a cosec* 4-cot* 0)=fl(I—c*). 

Ex. 7. A perfectly elastic .ball is at . the focus of an ellipUp- 
billiard-table ; show that the ball, in whatever manner struck, will 
ultimately be moving along the major axis. 



Let the ball be projected along 5"/*'from S'. As the elasticity 
is perfect, the velocity of rebound is equal to the velocity of approach 
and the angle of reflection with the normal is equal to the angle of 
incidence. Also the normal at any point is equally inclined to the 
focal radii. 

Thus the ball along S'P' will be reflected along P'S striking at 
Q and then rebounding passes through S' again and strikes at Q'. 


But ^ A'S'Q' is less than Z,A'S P'. 

After rebounding from Q\ the ball will go to S and after another 
impact will pass through S' again striking at R' say. 


Again ^A'S'R' is less than Z,A'S'Q' and so on. 

Thus the angle which the direction of ball makes with A'S' goes 
on decreasing each time it passes through S'. Ultimately it will 
be moving along S’A'. 


Ex. 8. A ball at the focus of an ellipse whose eccentricity is 



<7, receives a blow and after one im¬ 
pact on the elliptic periphery, 
passes through the other end of the 
major axis. Find the point of im¬ 
pact on the ellipse and shew that 
the coefficient of restitution cannot 

2e 

be greater than ——r-. 

O is the centre of the ellipse. 
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5 the focus point of projection, P the point of impact and PG the 
normal at P. 

a, ^ be the angles of incidence and reflection at P. 

cot ^ - c' cot a where e' - coefficient of restitution. 

If 4* be the eccentric angle of Py P^a cos b sin 
Equation to PG is ax sec 4>—by cosec 4*=a^ — b'^ 


a 


• • 


its slope—-T-tan ^ — m 


slope of SP 

slope of AP 

Ki . m — m. 

Now tan a — ; ‘ 

1 -nun I 


tan fi 


m., 


b sin 

a (cos 4>^-e) ' 

b sin <l> 

fl(COS ^ - I ) 

sin 4> e {e cos ^ • 1) 
ab{ 1 -ft' cos «/>) 
m a'^ sin ^ {1 e- cos <{>) 


a 


e sin V* 


Hence 


1 - 1 -w.^w ab{] — cos V>) 

ah (I — cos 4) , h 

a'^ sin (I cos 4>) (ic sin 4> 

or c(l cos 0) c'(l cos 0) 


, c(l —cos 4*) 

c —i „ , 

I — (“ cos V' 


Its maximum value is obtained when 4 tt. 


hence 


the max. value of e' 


2e 

1 . e- ■ 



t 


CHAPTER VI 

% 

CONSTRAINED MOTION 

36. Uniform circular motion. If a particle of mass wt describes 
a circle of radius r with uniform speed v or angular velocity <0 the 

only acceleration is towards the centre and is equal to ^ or wV. The 

\ 2 

effective force on the particle is therefore m ^ tow'ards the centre. 

To produce this effective force some external force will be required. 
If F be the external force acting on the particle towards the centre. 

the equation of motion is F—m ^ 

or F—moi'-r. 

If the particle makes n revolutions per second then 

iM = 2 tt n 
F- 4 Dirr rF r. 

Conical Pendulum, hi a conical pendulum a panicle tied to one 
end o f a li^ht string, the other end of which is kept fixed Js made to 
move in a 'horizonial circle whose axis passes through the fixed end, 
the string generating a cone. 

Let O/* ( - /) be the string, O being fixed 
and the particle being attached at The 
particle dcsciibe.s a circle of radius r, h being 
the depth of the circle below O. If the 
string be inclined at an angle 0 to the ver¬ 
tical then / sin 6». h = l cos Q. If w be the 
angular velocity then the central acceleration 

is oi'r or If 7* be the tension of the 
r 

string then resolving vertically and horizontal¬ 
ly we have 

T cos & - mg - 0 (statical equation) 

T sin 0=moi'r (dynamical equation) 

m<o-/ sin 0 

eliminating T, wc get 

^ s 

nu-i-l cos 0 --mg or Oi-h = g 

time of one complete revolution 



0 
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Further 


cos 



hence o)^/ 


or 



Ex. 1. One end of a string 21 ft. long is fastened to a point 
A on a fixed smooth vertical rod, the other to a small ring P of mass 
m lb, which slides on the rod ; another mass Q of m' lb. is fastened 
to the middle point of the string and revolves with velocity v in a 
horizontal circle so that the angle AQP is a right angle : prove that 


v2 = 


Ig 2m 4 m' 

‘ m' 


Since the angle AQP is maintained at a right 
angle, P is at rest. 

For P, the equations are 

T’ 

tng — T' cos 45= 

r 


/? = 



r 


For 0, the equations are ^■=n‘'gA’ 


'2 ’ \ 2 


T T' r* v‘v/ ' 

and ..s -f- ,, =m' J <\ncQ .iQ = I PQ 


"> 


(m f m')g-\-mg 


4’S 2 
/ 




{2tn A-nt')gl 


m '\'2 


Ex. 2. A smooth cup in the form of a paraboloid is set whirling 
with angular velocity o about its axis which is vertical. Show iliat 

a particle will remain in equili¬ 
brium on any part of its surface 

if ' , where 4a is the latus 

2a 

rectum of parabolic section of 
the cup. 

P (a'>') be the position of the 
particle so that the particle des¬ 
cribes a horizontal circle of radius 
V, If /? be the reaction on the 



-X 


particle, the equations are 

R cos \p=mg 


R sin ^=mo>*A' 
Equation to the parabola is .x^=Aay 


tan 


0)^.V 
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Hence 


(O^.V 


<a 


2_ 


g_ 

la 


-...'I 


the particle will 


g la 

This is independent of the position of P 
remain in any position. ^ ■ 

Ex. 3. Prove that a particle can rest in relative equilibrium on the lower half 
of a hollow smooth sphere, revolving with uniform angular velocity u about the 

vertical_diameler unless w < -W in which case it Will rest at the lowest point, 

where a is the radius of the sphere. . , 

Ex. 4. An elastic string of natural length I is extended by an amount x when 
it supports a mass m at rest and is extended by an amount y when it is lotating 

as a conical pendulum carrying a particle of the same mass. Show that 

Ex. 5. A particle of mass m is attached to a point 0 by an inextensible 
string of length 1. Prove that it can describe a horizontal circle about a point 

vertically below 0 with uniform angular velocity <«), provided lo>^>g. 

Prove that if the string is elastic of natural length and modulus \ the above 
condition IS replaced by 


L\ 


(>>' 


g 




Ex. 6. A string of length I has its ends fastened to two points A and B in the 
same vertical line,/I above A bead C on the string rotates about ./IB with 

uniform angular velocity to. Prove that (0 if the string is not venical 

gl 

cos .4—cosB—— ® — 

aboi^ 


(<») BC is horizontal, if to^= 

Ex. 7. A body is moving in a circle making n revolutions per sec. on the 
surface of a smooth hollow cone of vertical angle 2 a. Show that the distance of 
the body from the axis of the cone is 

y cot a 


Ex. 37. Motion in a nearly circular path. 


A cyclist running in a nearly circular path can not do so if he 
keeps himself and the cycle in a vertical plane for in that case the 
reaction of the ground must also be vertical and there is no horizonjal 


force to produce the central acceleration namely —- where v is the 


velocity ^^^drlhe radius of the path. Hence the man and the 
machine must be kept little inclined to the vertical so that in that 
case the horizontal component of the reaction will produce the 
acceleration and the vertical component will support the weight of 
the man and the machine. 


In the case of a car or a railway carriage moving in a circular 
palli, the friction on the wheels across the track produces the neces¬ 
sary acceleration. Let P, and P, be the vertical reactions at points 
A and B where the wheels are in contact with the rails and P,, be 
the horizontal frictions at those points. Resolving vertically and 
horizontally we have 

Pi-\-Pfi~ntg=0 (statical equation) 
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j»nd 


mv^ 

r 


fi (dynamical equation) 


Moments about A and B give 


D 


and 


fn-^h -^ mga - P.^. 2 « 
m—//=/’,.2a -mga 


where AB 2a and h is the height 
of the C.G. above AB. 



6 

< 

—^- 

H 1 
-<- 


R 


B 


r A 


These give 


and 


. k 


r v-h 

1 





ni 

s - 



k, * ar 


IS 

negative 


carriage will overturn outwards. 

Here we see that the presence of the frictions at A and B is neccs- 

v'i 

sary in order to produce the central acceleration ^ but these frictions 

are also responsible for the wear and tear of the rails and hence arc 
undesirable. In order to avoid these undesirable effects, the outer 
rails are raised so that the horizontal components of the reactions 

V* 

and at A and B are sulhcient to produce the necessary ^ 

and the vertical components support 
D ^ the weight. Ifis inclined at angle 
Q with the horizontal then supposing 
there Is no friction the equations are 

(A, I-Aj) sin 0 w 



and (A, ; A^) cos 0 my 


so that tan Q 


..u 


gr 


... ( 1 ) 


This is the case when the track is called hanked up for velocity 
V. If however the actual velocity is K, different from v. then there 
will be some friction. In this case the equations will be 

V * 

{Ri + Bi) Jin e-r{Py-rt.) cos B m 


and 

giving 


(Aj+A.,) cos B — ' sin Q my 

yi 

—m ^ cos B sin B 

\ 

sz. m cos 0 ^ ^ B j cos B 


|/2_ y2 


from (1) 
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Ex. I. If the maximum and minimum speeds of trains on a 
certain curve of radius r are v and u respectively, show that if the 
track is banked up so that the sleepers are inclined at an angle p to 

I 4 

the horizon such that tan ,3 - ' , then the outer lateral thrust of 

2gr 

the fastest train is equal to the inner lateral thrust of the slowest train, 
assuming their weights to be equal. 

The proper elevations for the speeds v and u when the lateral 
thrusts are to be avoided are given by 


1-2 


u- 


tan a - . tan x' 

P' gr 

Now the lateral thrust when the speed is Vand inclination is 6 is 


F - m cos 




g tan 8 


) 


rhis will be down or up the sleepers according as F is positive 

yi 

" or " Ian 3. 

irr 

2,er 


or negative, /.t-, according as 


Hut tan 3 ' 


where i- u 


tan ,3 


u 


Thus the train running w-ith speed v will get a lateral thrust 
down the sleepers and the train with speed u a lateral thrust up the 
sleepers. 

When the speed is \\ the downward thrust F — m cos p 
(v - ^ and when the speed is u. the upward thrust 

F' = w cos ,3 r.tf tan fi - —but since tan .3= ^ , we get F=F'. 

\ T j 

Ex. 2. A car takes a banked corner of a racing track at a speed 
r. the lateral gradient @ being designed to reduce the tendency to 
side-slip to zero for a low'er speed t/. Show that the coefficient of 
friction to prevent side-slip for the greater speed V must be at least 

(V*~- U'-) sin 0 cos 0 
k'-sin^ Oi U- cos2 0 ' 

If y?i and K.. be the normal reactions and F the lateral pressure for 
speed V then 

y- 

(/?! - R.^) sin '--f fcos 0 - tn 
(/?! • /?^,)cos 0 —Fsin 9 = tng, 

/I- \ y-~u- 

f m cos 0 f ^ g tan 0 l - wcos 0 ^ if f/is 

the speed for which F is zero. 


Also 


/?, ‘ R..=m ^ 


e cos 0 


; - stn 0 j 
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the coefficient of friction necessary to prevent side-slipping 
must be at least 

F _ mcos G ^ (1^^-sin e cos e 

ni (K* sin e + cos 0) f'- sin^ 0 H-gr sin Q cos G 

_ sine cos 0 Tor tan e= 

sin^ e-f-f^" cos'*'e >' 


Ex. 3. A train of mass M is standing on a railway curve of radius r which 
is banked up to suit a speed Shew that there is a lateral thrust on the rails of 


V* Aff7 

magnitude -y^= 

38. Motion on a smooth curve 
particle is made to move on a 
smooth curve in a vertical plane ; 
to discuss the moiion 

The external forces ate the 
weight mg of ihe pat tide down¬ 
wards and the normal reaction R of 
the curve. If P be the particle at 
time t, the equations of motion 
(tangential and normal) are 

ilv 

m\—r~ —mg sin 
as 


in a vertical plane. A heavy 



m 



= R — mg cos 




if.y be measured from a fixed point A down the curve below P, 
radius of curvature of the curve at P. 


Since sin ^ 


i/s 


we have from the first equation 


P the 


<tv 

mv—r — 
as 


mg 


dy 

</s 


fntesrating J mv^-^-i— mgy C where C is a constant. If the 
particle be projected from a point where y >», with a velocity u then 

I mu*=—mgyi-\ C 

Hence ^mv^—l mu^ — — mg(y—y^) = — mgh 

where h is the height of P above the point of projection. This is in 
fact the equation of energy and follows at once from the principle of 
energy namely the change in kinetic energy is equal to the work done. 

Thus for upward projection 

V* = w* — 2gh 

and for downward projection = 

w^ere h is the vertical distance between the two points. These equa¬ 
tions hold good whatever be the paths followed. The second cqua- 
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tion gives R, the reaction on the particle. The particle will leave the 
cuive when 

39. Motion on the inside of a smooth vertical circle. 

A panicle is projected from the lowest point with velocity u and 
moves along the inside of a smooth vertical circle; to discuss the 
motion. 


B 



A and B be the lowest and highest points of 
the circle. P the position of the particle at time / where 
^ .40/’= 0, O being the centre of the circle. Let v 
be the velocity at P and PN perpendicular to AB. 

By the equation of energy 
v~=u-—2g AN. 

=u-~ 2 gr (I — cos 0 ) where 
r=radius of the circle 


Equation of motion along the normal is 


nn 


,2 


= R—mg cos 0 . 


• • 


—2^ (1—cos ©)+gcos 

=m —2g+3 g cos 0 J. 


V vanishes when w^=2^r (1—cos @) or cos0—1- 


u 


2 gr 


U“ / w* \ 

R vanishes when - = 2g— 3g cos 0 or cos 0 = i 1 2- - j ... 


(i> 


( 2 > 


If V vanishes before/? vanishes/.e., if 0 from (I) is less than 0 
from (2)/.e. if cos 0 from (1) is greater than cos 0 from (2) then 



re., 3{2gr—id) > 2 ( 2 gr~iP) 
i.e.. • iP<: 2 gr 


If M“=2.?r, V and/? will vanish simultaneously and the particle 
will rise up to the horizontal diameter of the circle. 


Therefore when ir < 2g/\ v will vanish in some point in the first 
quadrant, R will not vanish, therefore the particle will stop there and 
will come down, pass through the lowest point and will go up in the 
fourth quadrant and rise up to the same height and will then come 
down and so on. Thus the particle will oscillate about the lowest 
point. When u^ = 2 gr, the particle will go up to the end of the 
horizontal diameter and will oscillate through a quadrant on each side 
of the vertical. 
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If R vanishes before v vanishes, we will have 



The particle will rise above the horizontal diameter. 

The particle will go right round the circle if both r and R do not 
vanish at the highest point when i e., ifand if u- > 5gr 
i.e., if u^:*5gr, the particle will describe the complete circle. 

Thus if : ■ 2gr but < 5 gr, the particle will go above the 
horizontal diameter but will not go up to the highest point / e., the 
particle will leave the circle at some point in the second quadrant and 
will afterwards move in a parabola. 

Thus wc obtain the following results : — 

(i) when u^-^2gr, the particle oscillates on each side of the lowest 
point. 

(/7) when u- ^gr hut .5gr,the particle leaves the circle and 
describes a parabola. 

{Hi) when u- ■ 5gr. the particle makes complete revolutions. 

The reaction at a is 

R^^m - 2g+^g J =m ^ 

Hence when 5gr, Rq ,-bmg i e.. the pressure at the lowest 
point must he greater than 6mg, if the particle is to go rii>ht round the 
circle. 


In case (//) we will have to find the 
point where the particle after leaving the 
circle cuts it again. 


Let the particle leave the circle at 
some point Q where R O 


i.e., cos 0 



If ' QOR=7:,coS0i = 





If V be the velocity at Q, ^ler ^ \ — k f ^ 

\ V“ )S 

=(w= —2g/-)—2^'r) 

IV* -- 2gr 

, =grcosa. 


Take Q as origin, the vertical upwards as y axis and the 
horizontal to the left as jr axis. Then the equation to the parabolic 
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path of the particle after leaving at Q is 


*' * 


y=x tan a —| g 


=x tan a— 


X 


cos* a 


2r cos® a ’ 

The equation to the circle with ^'as origin is 
(.Y— r sin a)®+f>' + r cos a)*=/* 

i.e., v=x tan a— ^ 

• 2r cos a 

The point D where the two curves cut again be (y'.^*') so that 


Y 


.'2 


_ Y'*+>''*- 


or 


2r cos® a 2r cos a 
y'* sin* a=>'* cos* a 
>’'“±Y'tana 

when y'=rY'tan a, we gel x'=0=y' /.r., the point 

when —y' tan a, we get Y'=4r cos* a sin a. 

v'= —4r cos a sin* a. 

f • 

Let angle 50/) = ^, then tan r sin a 

j’—(—rcosa) 

4r cos* a sin a—r sin a 


— 4r cos a sin* a+r cos a 

4 cos* a — I 
1 —4 sin* a 
4—(I -f-tan* a) 


= tan a. 


=lan a. 


1+ian* a—4 tan* a 
3—tan* a 


= tana. , ,>-^=tan3a 

1—3 tan* a 


Hence 


arc BD=3 arc BQ. 


Height reached by the particle above the horizontal line through Q 


V* sin* a_ gr cos a sin* a 

2^ “ 2g 


= l r cos a sin* a 


Height above A = l r cos a sin* a + r cos a + r. 

Cor. In the case of a bead moving in a circular wire or a particle 
moving inside a circular tube, the condition for a complete revolution 
is that v>0 when Q=7t i.e., M*>4gr. 


Ex. 1 . Find the velocity with which a particle must be pro¬ 
jected along the interior of a smooth vertical hoop of radius r, from 
the lowest point in order that it may leave the hoop at an angular 
distance of 30^ from the vertical. Show that it will strike the hoop 
again at an extremity of the horizontal diameter. 
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Show also that if the velocity of projectiort be the particle 

will leave the hoop and return to the lowest point. 

The particle leaves the circle at an angle '« f/om the upward 
drawn vertical where cos a=\ ( — 2 ^ 

■ V 

Here« = 30 = -2 

^“^ = 2 gf (3\ 3 - 4). 

Since ^50^ = 30 /. BOD 3.30 -90 i.i.. /) at the 

extremity of the horizontal diameter. 

Where u- = J gr, cos a- a ^60 

i.e.y /_ BOQ —60^ hence ^BOD—]iiO' /.c., Z) coincides with A. 



Ex. 2. A particle is projected along the inside of a smooth 
vertical circle of radius r, from the lowest point. Show that the 
velocity of projection so that after leaving the circle the particle may 
pass through the centre is \ igr [v 3 : I] 

The particle will leave the circle at some poini Q at an ancle a 

With the horizontal with velocity v 

where gr cos « 


and cos 


"‘C; =) 


With Q origin, the centre is the point {r sin «. 
the question it lies on the parabola 

■■i 


3 ’=.v tan a —A ,, 


g-^ 

COS^ n 


• R X“ 

y=x tan a—A * , 

gr cos^a 


Mence 


/•cos a- r sin «. tan - A ^ “ 

r COS'* a 


. sin* a sin* a 

+COS7.= i 


r cos o.) and by 


cos a 


cos-’ ■/. 


or tan* «=:2 


sec*- 3 -= 3 hence COS a---—^ 
Therefore ^3 = 4 (;; 2 ) 

u*=-g/-(2-hv3) 

« Vx ’ ''• 


Ex. 3. A heavy particle, hanging vertically from a fixed point 
by a light mexicnsiblc cord of length /, is struck by a horizontal blow 
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which imparts to it a velocity 2\ gl ; prove that the cord becomes 
slack when the particle has risen to a height |/ above the fixed point 
and find th (5 height of the highest point of the parabola subsequently 
described. ‘ ' , . 

\ I 

4 ^ 

The cord becomes slack at an angle a from the vertical where 
eosa = j(|^- 2 )=i(g'- 2 )=i 

i.e., at a height above the fixed point (centre of the circle) 

=/ cos a==§/. 

The velocity at that point is cos a= 5 g/ 

The greatest height above this point 

vgsin=ia^5g/. (l-^) _ I 

2g~ 2g 3 ■ 9 27 

SI 23 

height above the fixed point |/-r Yj~Tf 

Ex. 4. A particle is slightly displaced from the position of rest 
from the highest point of a vertical circle and falls under gravity; 
determine where the particle will leave the circle. 

AOB is the vertical diameter of the 
A circle of radius r, 7" is the position of the 

—J narticle at time/vand PN is perpendicular 

/ ''^1— /.AOP=e- 

j / From the equation of energy, if v be 

( 0^ ^9] velocity at P, 

\ / v*=2g..4Ar=2gr{l-cos 0) 

\ / The normal equation of motion is 



mv 


=mg cos Q—R 


R==m^ g cos B - y |^g cos 0 — 2 g ( 1 —cos ©)J 

=/Mg{3 cos 0 — 2 ). 

The particle will leave the circle when 7?=0 i.e., 


cos 0 = 3 - 


^^=r(I —cos 0 )=Sr. 


when 


Thus the particle leaves the circle at an angle 0 down the horizontal 
where cos 0=1 with a velocity v such that 

v*- 2 gr {l-g) = |gr. 

The latus rectum of the parabola subsequently described 
_ 2 v® cos‘ 0_2 . Jgr . | _ 16 
“ ■ g g 27''- 
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If P be the point where the particle leaves the circle, take P as 
origin, vertical downwards as y axis and horizontal to the right as .v 
axis, then the equation to the parabola described is 

5 3lLx- 

tan e r i ^,2 cos* Q 2 ' 16r 


The equation to the horizontal line through B is 
y~r fr cos 0 = -Jr. 


'5 


A* 


or 


A* 


A*-- 


8v^5 

27 

~4^ 


27 

v2 -2 

I 6 r 



80r- 

rx 

‘81 

'5 : 

20 v 2 


/• 


A 

20v'2 

27 


distance from the vertical diameter —r sin 0 

i^\ '5 -4\5 t^\J_Y_ 5 

VT 27 J 

l x 5 A trick cyclist rides inside a sphere, ridinjt head downwards past the 

^ r ^ -r p^o^’ , ii::; 

'h= dram=Rr'’orli’he larecsl sphere in rMrich he can perrorm his feal vci.hour Icavins 

contaci wiih the sphere is 40 3 ft. . , , 

u ^ncctl ihc cyclisi rriusl ha\c \shcn up'*iiuc clown at (he 

/\lso snow that the lc<JSl spe ci y r c if »Ki» of ihc nvichinc 

highest poinl or .he sphere of rad,ns 21 ^ ^ ‘'k' 

and rider is supposed concentrated at a point 3 • ** i> 

Fx C. An -icronlancdcsciihcsaverlicalcirclcof 150 yards rndiiis. Pro>c 

.ha. rhe'lea-d spac'd i. n",us. have when uP-de dov.. a. ,he 

that no force may be necessary to keep the p.lol in h.s scat ts «I m. P-»’- 

that the forc-e required to keep the pilot in his syU when the 

.nui:; s,c";;ei.d..'o,“:h^ 

I 

If the ropes arc strong enough and he can swing through 180 and il 

his speed at any point, prove that the tension in the rope al that point is 

where »*i is Ihc mass of the person and / the lengih of Ihc rope. 

I.-* K A heavy narticlc is suspended by a string from a lixed point aiul 

s.ar.i'ga.^es^/r^^:;'i?5an;£^VS£^ 

1-1 10 A heavy particle hangs from a point o by a string of length . I 

^ ... 

(-Js) 


at ic'^t 
r is 

/ft (• • 


COS 
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Ex. 11 , A particle is hanping from a fixed poini by a light cord 3 feet long 

and IS started moving with an initial horizontal velocity such that the cord slackens 
when the particle is 5 feet above the lowest point. Show that it will rise further 

through feet. 


Ex. 12. A heavy particle hangs by an incxicnsible siring of length a from 

a fixed point and is then projected liorizontally with a velocity V 29 h. If ^a>li>at 
prove that the circular motion ceases when the particle has reached the height 
-.-2h}. Prove also that the greatest height ever reached by the particle above the 

point of projection is - ' . 


Ex. 13. A particle moves on the inner side of a *mooih circular hoop of 
radais a whose plane is vertical. It is projected from the bottom wiih velocity 
in'itlficicnt to carry it round the hoop that it comes ofT at an angular distance a 
fiom the highest point. Show that it crosses me vertical diameter of the hoop at 
a distance \ n scc=’ a (I -cos al- (1+2 cos X) below the top of the hoop. 


Ex. 14. A particle attached to a fixed peg D by a string of length i, is lifted 
up with the string hoiizontal and let go. Prove that when the string makes an 
angle 9 with the horizontal, the resultant acceleration is g V 1 +3 9- 


If the particle is let fall from a point in the horizontal through O at a dis¬ 
tance I cos & fiom O, show that the velocity when it i.s vertically below 0 is 


\ zj/i (1 —sin’ 0)’ 

Ex. 15. A particle is projected from the lowest point inside a smooth sphere 
of radius « with a velocity due to a height fi above the centre. Find the point at 
wliich the particle will leave the sphere and show that it will afterwards pass 


\ 3 

( 1 ) through the centre if « 

('») through the lowest point if/( = j«<. 

Ex. 16. A body is projected a'ong the surface of a smooth sphere of radius 

^ t/r; find where it will leave the surface 
and prove that it will strike u horizontal plane through the centre of the sphere at 

a di-lance fromthe ccntie 7 

64 

lcn,>rh'^' ’I ;^.f;^'''’‘^'e''sliangmgfrom a fixed point O by a light string of 
- ■ ^ ‘“i smiill ^^loath nail at O'in the same horizontal line with Oat 

‘he minimum velocity with which the particle 
^ ^^'■om its lowest position in order that It mav make a complete 
luicon lounJ the nail wiihout the siring becoming slack. 

ir;, J.' A heavy bead .slidc.s on a smooth fixed circular wire of radius n. 

V.i.LV v.locily just sufficient to carry il 

n.e nighoi point, prove tha'theradiu'- through the bead, in time/ will turn 


ihitugli un angle 2 tar. ‘ ^sinli / Y 


circul u ;mL! i..m'- '"Side of u smooth 

circ^u lube held in a vertical plane. It starts from the highcsi point with a velocity 

of ns atv wuahon IS a maximum, ihc pressure on the ciunc is eoua! to twice the 
Uk r^ht o( the partfdc. * ' 

40. Simple Pendulum. A /icavy panicle is fixed to one end of a 
h^h! mcMcnsihlc string the other end of which is fixed and is allowed 
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to oscillate /// a vertical plane through a small angle. Such a system is 
called a Simple Pendulimi. 

O is the fixed point. P the particle at 
any time t when tlie string OP is inclined O 

at any angle 0 to the vertical 0.4, A being \ 

the lowest position of tlie particle. If arc \ 

AP=^s, s^l9, I being the length of the string. V^- 

The only forces arc the weight//J.g downwards \ , 

and the tension T of the siring. 

The tangential and normal equations of , ^ 

motion are 

— «>.gsin6 •n./ 

and ml%--T mgeo-sQ. 

y 

From the first equation we get when © is small, a 0- 

Thus the motion is simple harmottic and period Jt: ^ ■ 

If Q is not sni ill, we have by integrating tlie equation 

lO A'sin©. 
lO' 2g cos © • C 
when C is a constant. 

If the amplitude is © y. i.e.. when © y,o 0 
then C‘ - 2.g cos a 


then 

hence 


or \ j 2^ . lit =-- , minus siiue © is de 

y / v'c^'^ ^ “ 

creasing. 

If t be the time from one extremity to the lowest position. 

0 a 

K ! i _ f - - f 

^ / ,) \ cos © COS a J \/cos © cos / 

a 0 


l(r 7g (cos © cos «). 

de 


V 


I.e. 


^ de 

J /^2sin-^. 


<1 ^ e 

-r 2 sin- , 


■' /V 


de 

..a ., © 

sin^ ——sin^ 2 


Putting sin sin ^ sin */*, so that i cos ^de 


= sin 


cos ^ (i^t> 


m 
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and when 0=0, ^=0 

0=a, 4>=itI 


2 


we get 2 a/^ J 


2 sin-y cos ^ 

6 ! o 

Q cos —. sin -y cos i* 


tt/ 


-/ 


^ 2ci <p 


cos 


© 


0 


-A 

j 






i sin- ~ sin® ^ 


0 


3 . 

s.n 


sin^ 1 




”2 |^y-;-j sin®y . ~ +...... J since J* si 

0 


by expanding the Binomial 




sin”s^rf^= 


«-l-2 




V 


sm 


a 


-i- 


] 


If r be the time for one complete oscillation i.e.. period 


then T 


Vt[ 


li-i sin- 


a 


] 


hence if 


g 


- V?['- « if higher powers of o be neglected. 

I'o find whether the clock will go fast or slow if g or / or both 
changes slightly. 

Now time for one swing of the pendulum is tt 
there be n swings in a given interval T, we have 

Vy 

l-Vom the theory of errors, if gg, g/ be slight changes in g and / 
and it gn be the corresponding change in n, we have 

ol 2 tt \ gi 2 tx 'y / * / 


T-^fl77 
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= /~[± » lil 

iV 2 g 2 / J 

• l!}= J ^ 

" n i ~g 2 l ' 

If by some means the length of the pendulum changes, g remaining 
unchanged, then we get 

I hi . 

n ■ 2 ■/ ' 

Now when / increases, §/ is positive and when / decreases 5/ is 
negative, thus if the length is increased. becomes negative which 
means that in a given interval there is less number of swings hence 
the clock will go slow. Similarly we can show that when a pendulum 
of a given length is taken from one place to another so that g in¬ 
creases, the clock will go fast. 

If a clock be taken to the lop of a mountain of height /j, llien 

.since in this case force where r is the distance from the 

/•* 

Centre of the earth and a constant, 

we have 5r. But when r=a, a being the radius of the 


earth, g = Sr-A 

then {SF) 


a 


<r a 


J 

2 ~ ‘ 


which is negative. 


S'* - _ 

ti ^ g a 

Hence the clock becomes slow. 

If the clock be taken inside a mine at depth h, then in this case 

F \j.r 

so that S/'- Also g \t.a, Sr —/; 


6g (60 


a 


_ g 

a 


Sr= 


a 


hence ^ — also negative. 

n ^ g ^ a 

The clock again goes slow. 

Ex. 1. A pendulum is carried to the top of a mountain half a 
mile high, how many seconds will it lose per day ? By how much 
must its present length be shortened so that it may beat seconds at 
the top of the mountain. 

If/; be the height of mountain 

Sn h 
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Here h=l mile, a=4000 miles, /i=86400 


86400 XI ,«o 
-4W = 


• ■ 


number of seconds lost per day =10-8 


Let / be the present krgih and suppcse an increment g/ in 
keep the pendulum correct at the top of the mountain. 


/ will 


then from 


iK-i 11 

n - g ^ I 


we have here 0 


8 /= 

g 

= -/. 


/ r 2 . 

=/ X ( 

\ a 


“) 


2xh 

4U00 


_/ 

4000 
I 


/. the present length must be decreased by of itself. 

Ex. 2. A seconds pendulum w'as too long on a given day by a 
quantity a ; it was then over-corrected so as to be too short by c 
during the next day ; prove that / being the correct length, the number 

of minutes gained in the two days was 1080 -jz nearly. 

One second- TT \ j . 

V g 

If / be the time of one swing when / becomes /-j-o. 


then 




V 


I • a 


If/I be the number of vibrations in a day 

«/ = 86400 

• j ^86400 /y . / /_ 

TT y 1: a TT y I y iJi-a 

— 86400 a/ ^ since TT a/_^. = 1. 

V/in y g 


-.85400 (^1 t 


_ i 


86400 1 - -i- .^ 


loss in a day-86400 vibrations. 

Similarly when / becomes /—a, the loss in a day is 

(-4 - ) 
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gain in a day = 86400 ^ 




vibrations 


i.e. gain in a day = 86400 ^ vibrations 

Therefore during the two days the gain in the number of vibrations 

3a^ 


4/2 


. 86400 


But the gain in one vibration means one second 

the time gained = 86400x seconds 

■> 

— 1080 minutes 

Ex. 3. Show that an incorrect seconds pendulum of a clock which loses j- 
seconds in a day must be shortened by ^ per cent of its length in order (o keep 
correct time. 

Ex. 4 A pendulum beats seconds accurately at a place where f/ is 32 ft sec . 
If taken to a place where the value of is 32-2 ft./sec.*, prove that it will yam 
270 seconds per day. 

Ex. 5. Show that the height of a mouniain at the top of which^a pendulum 
which beats seconds at sea level loses 20 sec. a day. is approximately ^ mile. 

Ex. 6. A clock loses 20 seconds a day at a place where g 32 ft./scc*. Sho\\ 

that either the pendulum must be shoriened by about Olb m. or Jt must bv i.iktn 

to a place where g 32 015 ft./scc.*. in order it may give correci time. 

Ex. 7. A seconds pendulum hangs against a wall inclined at an angle m lo 

ihe horizontal. Show that the time of a small oscillation is - ^ . 

Ex. 8. A pendulum of length / has one end of the string fastened to a peg 
on a smooth inclined plane of inclination I, With the and the weight on 

the plane, its time of oscillation is < seconds. If pendulum of length t oscillates in 
one second when suspended vcrilcally, prove that 

/ 

sma 

I£x 9. I ^ an oscillating p-ndulum the tension of the siring when the bob is 
in its lowest position is n times the weight of the bob. Prove that the angle of 
swing on each side of the vertical is 

cos '(^ 2 " )' 

Ex. 10. For a simple pendulum making complete revolutions in a verticil! 
plane, if o>„ oi, be the greatest and the least angular velocities and T,. 7,ihe 
greatest and the least tensions, prove that when the pendulum makes an angle n 
with the vertical, the angular velocity is 

/ u . n 


1 


y <ii,* cos * 2 

+<•>,* sin 

0 

. , t) 

cos» 2 ^ n 

sin* 2" • 


Further if the tension when the bob is in its lowest position is K linics the 
tension whm the bob is in its highest position and »„ «, be the velocities in these 
positions, prove that 

' u,* _ saw 

U * " K + 5‘ 
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41. The Cycloidal Pendulum. We have seen that the motion 

of a simple pendulum is simple 
harmonic as long as the ampli¬ 
tude is small. For larger ampli¬ 
tudes the motion is not simple 
harmonic and consequently the 
period is different and cannot be 
said to be independent of the 
amplitude and variations in 
amplitude will cause irregulari¬ 
ties in the time-keeping of a 
clock. 

If a particle is constrained to move along the arc of a smooth 
cycloid in a vertical plane, placed with vertex downwards and axis 
vertical, the tangential and normal equations of motion are 

ms=~mg sin ^ 
and =R—mg cos li 

where s is measured from the vertex O, o the angle the tangent at 
any point P makes with the horizontal, R the reaction of the cycloid 
and P its radius of curvature at P. But the equation to the cycloid 
is 4a sin g/. 



Hence the first equation can be written as 

i-4a 

which shows that the motion is simple harmonic whatever be the 
amplitude and the time of a complete oscillation is 2 tt a / . This 

V 

property finds its application in the formation of clocks. 


Let CAC be a cycloidal arc 
and let CA'an6 C A' be the 
evolute of CAC which are also 
cycloids such that arc CA' — axc 
C .4'=arc CA. 

If AA'^4a, let the upper 
end of a string of length 4a be 
attached at A' and let P be the 
bob. When the bob is let fall, 
the siring is always norma! to 
CAC' and tangent to either CA' 
or C A'. Hence P describes 



the involute of CA' and C A' i.e. CAC. Thus the string wraps 
or unwraps itself about CA' or C A' and the bob moves on the . 
cycloidal arc CAC and moves in true simple harmonic motion 
independent of the amplitude. The system is called a Cycloidal 
Pendulum. 
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Ex. 1. A particle is projected with velocity y from the cusp 
of a smooth inverted cycloid down the arc ; show that the time of 
reaching the vertex is 


V 


-- tan ‘ 


V / 


The equation of motion is i'--— s 

s 


its solution is s=A cos 




t 


V 


4n 


initially /==o, s--4<i, 5 = — f’ 
Hence 4a = A 


also 


cos '\j ? t 


^ 4a 


4a -’*4a 

4a 
A' 


Hence cos ^ ^ 

/ £ 

when it comes to the vertex, j —o tan \ __ / = 


\/ 4ag 


/-V 


4a 


tan 




Ex. 2. A particle slides down the arc of a smooth cycloid whose 
axis is verlical and vertex lowest; prove that the time occupied in 
falling down the first half of the vertical height is equal to the time ol 
falling down the second half. 

X 

The equation of motion is 5 - — 


s. 


period -271 —47rV"~* 

X A 

-/ a 

time from cusp to vertex n \ —. 

X 

Integrating the above equation we get 


5 - — , } e where C is a constant. 

Initiallys=4i/, 5 oatthecusp .. C 4tiiJ 


- 2 i C 
4a 


hence 




4a 

ds 


(ie<i*-i*) 


^ 4a ~ Vl 6 a“ 
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when we have since ^=%ay for a cycloid 
s^=Sa^ s=2a^/ 2. 

Hence time from cusp in falling through the first half of the 
vertical height is given by 




TT I'a 

• * 2 > — =half the time from cusp to vertex. 

Therefore the remaming half of the vertical distance is also 
described in time ■T'v- —• 

Ex. 3. A particle started from the vertex of a cycloid whose 
axis is vertical and vertex upwards. Prove that it will leave the curve 
when it has fallen half the vertical height of the cycloid and the latus 
rectum of the parabola subsequently described is equal to the height 
of the cycloid. Also show that after leaving the curve it falls up'on 

the base at a distance -}- \''3 ^ a from the centre of the base, 

where a is the radius of the generaling circle. 

Q The tangential and normal 

^—I' -/? equations of the motion are 

!- /Ix- sin 0 

/ lyY COS s-R 

1--i where R is the reaction, P the 

radius of curvature. 

But J = 4a sin c so that P = 4n cos vJ 

Hence s— 

4ij 


Integrating 5 ®=^ s-, the constant being zero 


since 


5=0 = 5. 
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^ I6a^ <> 

fni^ 4^7 

R^mg cos ,1 - p =mg cos ,(-m ^ 

sin® 'X 
cos tp / 

The particle will leave the curve when 7?=0. 
i.e. when cos* ^ —sin® 0=0 




cos 


cos 2tl/ = 0 


0 -= 


77 


7t 


At that point .y = 4a sin —=^2-\/2a 

* 8 a* 


.9 

V— = 


8a 8a 


ti. 


TT 


Also when leaving v® = s*— Sa^ = 2ag at an angle ^ 
horizontal 

latus rectum of the parabolic path 


2 v® cos® 


7T 


4 _4o,c 4^20. 


to the 


Also the depth of the base below the point where the particle 
leaves is a and the vertical and horizontal components of velocity are 


TT 


\/2(ig cos each i.e. ag each. 

If / be the time to fall to the base 

a= \/ ag. t * 4^/* / = (\/3—I) JL 

and the horizontal distance moved since leaving the curve 


^y/ag . /=o(v'3—I) 

Total horizontal distance from the axis 


= x + a(V3-l) 


where •^="(^4 510 0 )^^^ 2 ^ 

"(t ’ I ) + (V3- ')« 

= (f 4 V3 >. 


= 7rU y 


TT 


1 1 


) 
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Ex. 4. Two particles are let drop from the cusp of a cycloid 
down the curve ai an interval of time t ; prove that they will meet in 


a time 


V 


l-n 


Vi 


+ 


Equation of motion 


Solution is 


Aa 


•. I 


s—Aa cos \ 3— t since when /--O, s—Aa 

V 


and 5=0 


For the second particle 5=40 cos a/_£_ (/—/i) if it starts 

V 

after interval /j. 


Hence when they meet cos ^ t—cos ^ ,ti) ' 

or 

or 2r = 4:rWZ + (, t.^2^ 

y S ^ 


Kx. 5. A particle falls dovvn a Q’cloid starling fiom the Cusp, Show that 
when it nrrivc.s at the vertex the pressure on the curve is equal to twice the weight 
of the particle. 

Ex. 6. When a particle falls from rest at the cusp down the arc of an invert¬ 
ed cycloid, provc'that it describes half the path to the lowesl'poinl in two-thirds the 
time to the lowest point. 


Ex. 7. A particle IS moving on a smooth curve under gravity and its velocity 
vanes as the distance (measured along the arc) from the highest point. Prove that 
the curve must be a cvcioid. 


Ex. 8. If a particle slides down a smooth cycloid starling from a point 
whose arcual distance from the vertex is h, prove that its speed at any time I is 
2770 . 277/ 

sin - wh. re T is the lime of complete oscillation of the particle. 


T 


T 


Ex. 9. A particle oscillates from cusp to cusp in a smooth cycloid whose 
axis is vertical and vertex lowest. Show that the velocity v at any point P is equal 
to the resolved part of the velocity V- at the vcrtex alohg the tangent at P. 


Ex. 10. A heavy particle slides down a smooth cycloid starting from rest 
at the cusp, the axis being vertical and vertex downward^. Prove that the magni¬ 
tude of t e acceleration of the particle is'equal to p at e#cry point of its path. 
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Ex. 11 . If a particle starts from rest at a given point of a cycloid with its 
axis vertical and vertex downwards, prove that it falls through ' of the verti¬ 
cal distance to the lowest point in the time 2 V ff n ^h^re « is the 

radius of the generating circle. 

_ *^** *?• T'wo P^^fltcles connected by a fine string are constrained to move in 

fnH a vertical plane, the axis of the cycloid being Nertical 

thrl.gtouTitemot™ ■ 

Ex. 13. A cycloid is placed with its axis vertical and vertex upwards and a 
heavy particle is projected from the cusp up the concasc side of the curve with 

velocity \/2gh ; prove that the laius rectum of the parabola described after leaving 
the arc is where </ is the radius of the generating circle. 


42. Miscellaneous Examples. 


Ex. 1 . A particle slides down the smooth curve y--osinli 

the axis of .v being horizontal and the 
axis of y downwards, starting from 
rest at the point where the tangent is 
inclined at o to the horizon ; show that 
it will leave the curve when it has 
fallen through a vertical distance « 
sec a. 

Let P be the position of the particle 
at time r, whose depth below .v axis 
is y. 

If V be the velocity there, the equation of energy gives = 
O' >'o) where ^0 is the depth of /I, the starting point. 

The normal equation is 

mv^ 

-y mg cos ^ — 



The particle will leave the curve when /i~^ 0 v^ = gp cos ^ 

Equation to the curve is y- a sinh — 

a 

tan —cosh — 

(/.X a 
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P = 




I . , A 
— Sinn 

o 


P cos ^ ^ 


( 


1+cosh^ 


j) 


a 

3 

>» 


X 


1 


1 +cosh2 


X 

a 


2 +sinh* 


a 


1 . , -T 

— Sinn — 
a (I 


( 


1 4 cosh* 




1 . , X 

— smh 
a a 


1 ■ X, X 

— sinh — 
a a 


9 y 

X 

fl* 


y 


l.C. 


or 


>'o)=^P coss: 

2fl*4/ 

2{>’-Vo)= -y - 

2f--2yy^^2<r or >*- 2 rVo ^ 2 a* 


or (V 


_y„r-=2a*4-Vo=’ But tan^^-cosh M-sinh* -j = 


a 


= «*-}-a* tan* Cl tan n 


a 


i.e. a*4yo*-a* tan* a 


= a* sec* 0 


r-v«=^^scc a. 

Fx 2 A particle describes a smooth curse under the action 
of pravity, describing equal vertical distances in eciual times and 
starting in a vertical direction. Show that the curve is a sem.cubical 
parabola, the tangent at the cusp of which is vertical. 

Take .v axis horizontal and y axis vertical. 


Given y=constant= K say. 

From equation of energy v*— F*=2g.y 



Hut 
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X 


, the constant of integration is zero as 


-v=j’ = 0 initially. 

i.e. the curve is of the form 

where a is a constant. 

This is a semicubical parabola, whose cusp is the origin and 
tangent there is the v-axis. 

Ex. 3. A particle of mass m moves in a smooth circular tube 
of radius a, under the action of a force, equal to m(.i x distance, to a 
point inside the tube at a distance r from its centre: if the particle 
be placed very nearly at its greatest distance from the centre of 
force, shew that it will describe the quadrant ending at its least 

distance in time \/_^L log (x/2-^ 1). 

V [>.c 

C is the centre of force, A the starting 
point. the position of the particle at any 
instant, where //lOP Q. 

The equation of energy gives 

P 


~ J mij.r dr 



i.e. ■ - J iir 


dr 






" ] 'J" 1 

a-fc -* 


+ ac COS c)^ J 


= 2iJ. ac sin* f)/2 

0 2 -y'j^’sin 


0 

2 


If / be the time from /J lo A\ 

TT 


2 = J - 2 log tan 

W-J 7r/2 


Ian 


TT 


2 log 


cos 


tan 


~ = -2 log tan -^ = 2 log 


TT 

¥ 


8 


Sin 


TT 

8 
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COS' 


=log 


TT 

T 


1 f cos 


tr 


sm* 


TT 


=log 


1 —cos 


f='°8 V2--r'°g(V2+l)“ 


8 - — 4 

=2 log (v" 2 +l) 


/=<\/— log(V24-l). 

T ifr 


\IC 

Ex. 4. A bead is constrained to move on a smooth wire in the 
form of an equiangular spiral. It is attracted to the pole of the spiral 

by a force= ^ and starts from rest at a distance b from the pole. 

fS PQt ft 

Shew that, if the equation to the ^ral be r~a , the time 

of arriving at the pole is ^ 


sec a. 



The equation of energy gives 

h b 

-- ( 4 - 4 ) 


But 


For an equiangular spiral of angle a, -^=cos a 

Js=(lr see a 5 —rseco 

h-r 


, 2 sec" a = 2[i 


r 


br 


_ ' -> 


\ 2 [i. . cos 




, minus because r is decreasing 


0 


or 


Put 


V 2 (. cosa.r=-J'y'*= JV/4* 

b . 0 

r=b sin* Q. 

71/2 

2[i cos n.r^ J 

0 




cos* Q 
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^ 2 

= 26^ J* sin2 e dQ. 


2b^ 

4 2 


r= 


V 


sec a. 


o ^ parabolic curve is fixed with its plane vertical 

if.’"'’• placed on the arc at a 

height above the axis equal to the latus rectum, will run off the curve 
on arriving at the end of the latus 
rectum and will then describe a ^ 

parabola having the same latus \ 

rectum as the given arc. 

A is the starting point, P the 
position at time r. ^ i 

If V be the velocity at />, then by f 

equation of energy ( ' _►A 

v2 = 2g(4a-y). 

The normal equation is 


"I p =mg cos d — R 

The particle will leave the curve when R~0 
Hence gP cos d = 2g(4a-y). 


V^—gP cos ip 


Equation to parabola is y‘'^—4ax 


1 i- 


P = 


y^J 


* . dy 2a 

tan d = —r = — 
ax y 

d'^y __ _ 4a- 

dx'^~ 


(4a=+>;2)" 

4d^ 


✓ 

Hence P cos ^=2(4a-->^) gives 


(4aH->'')" 

4a* 


-- = 2(4a—>) 


V^a^+y^~ ' 

or >'(4a*+^*) = 8a*(4a—_v) 

or I2aV = 32a* which is satisfied by> =2a. 

Then v* = 2g(4a-2a) = 4a.i?. 
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latus rectum of the free path 


2v^ sin'^ f 
g 


4a 


_ Hag 

g ' 

Ex. 6. A particle falls from rest at the vertex of an inverted 
catenary: prove that the particle will leave.the curve when the 

path described is \/S times 


0 



;\ 


the vertical distance through 
which the particle has fallen. 

Equation of energy gives 
v‘= 2g {y-c) 

The normal equation is 

•» 

cos 

Hence the particle will 
leave when 7?=0 i,e. when 

.ep cos ■2g(y—c). 

Equation to a catenary is s = i tan c, v—f sec v'' 

p=csec-^ 

Hence c sec-cos ^ 2(c sec u —c) sec c - 2 

.V- c \/ 4 - 1 -=y' 3 ^* and>'- c=cscc i*—«* c 


= \ 3 which is the answer. 

V c 

Ex. 7. A parabola of latus rectum 4t/, is placed with axis 
horizontal and plane vertical and a heavy smooth particle is projected 
from the vertex with a velocity due to a height h and moves on the 
concave side of the arc. Prove that the vertical height attained before 
leaving the arc is two-thirds of the greatest height and if 9 be the 
angle described about the focus before leaving the curve 


h- tan^~-:3 


tan 


9 


} 


ir u be tile velocity of projection 
ir 2gli. 

The equation of energy gives 

u--2gy. 

Tlic normal equation is 

V* 

m = mg cos ^. 

The particle will leave the arc 
when R = 0 
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gP COS ^=u^—2gy=2g{h~y) 
i.e. p cos o=--(/i—>'). 


3 


Equation to the parabola isy*=4oA^ 

4o' 


tan c = — 


2a 


as in ex. 5. worked out. 


• • 

or 

or 




X 


V 


^/4o2^^2 

y[Aa^+y^)=.^aHh-y) 
y^ + \2a^y = Wh. 

If 0,—= 1+ cos0 = 2 cos^O o 

r 


= 2{h-y). 


a 


r — 


cos’OU 


Hence y=r sin 0 = 2a tan Qf\ 


/. Sa^ tan® 0 / 4 +I 2 a® 2a tan 
or a (tan® 0 / 2+3 tan Q!^)==h. 

After leaving the arc, height attained = ^ ^ = 

gP cos e. sin^c- , 1 ( 4 ( 1 =^ , y-) Aa- y 
la - 

Greatest height attained above the axis^j;+//= 



y— ®(Greatcst height). 

Ex. 8 . A particle moves on the outside of an ellipse of eccentri¬ 
city ^ whose major axis is vertical, starting from rest at the highest 

point. Show that it will leave the curve at a point whose eccentric 
angle is ^ where c® cos®*^- 3 cos <t> — 2. 


Let P be the position at time t, 

P~*-a cos b sin *i>. 

Equation of energy gives v®=2g. AN -2g {a —a cos </*) 

= 2ga (I—cos 9 ). 

Normal equation is =-mg cos R=mg sin vt —A. 

It will leave the curve when R=Q 
P sin 0 = 2 o (I—cos <f>). 
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\ 

Equation to the tangent at P is -^cos <f> -\- 


sin ^=1. 



/. tan<J =-cot ^ 

a 

CD^ 

P——T-when C is the centre 
ab 

of the ellipse, CD is the 
semidiameter conjugate to CP, 

_(ei^ sin-^ + /)^ cos^ 

ab 

(fl- &in-4>+b^ cos^4>) ^ 
ah ' ^ 

b cos ^ 

\ (3* sin-^4^i* cosV 
—2a (I — cos <f>) 

i e. cos ^ (a- sin'^ ^ -Vb^ cos^ ^)=2a“ 

(I —cos^) 


or cos ^ [a*sin*^-}-a-(l — e*) cos-^]=-2a®( 1 — cos <k) 


or cos^ (|-c2cosV)=2{1-cos <}>) 
or t’*cos^9^=3 cos^—2. 


l-x. 9, A pnrticic slides on the curve x=3v « uv—n) with a velocity due to 
a f.ill from the j-axis which is horizontal, the »/ axis being downwards. Prove 
that the pressure on the curve at anv time is zero so that the curve is a free path 
tinder grasiiy. 


Hx. 10. A particle slides down a catenary whose plain is vertical and vertex 
upwards the\clociiy at any point being due to the level of the directrix. Prove 
tliat the pressure at any point varies inversely as the distance of that point from 
the dircerrix. 


L\. II. A parriclc tiioves in a smooth tub: in the form of a catenary being 
attracted to the directrix with a force proportional to the distance from the 
dirccins. 1 rose that the period of oscillation is independent of the amplitude. 


I'X. 12. A small bead of mas m moves on a smooth circular wire, being 

acted upon by a central attraction--^-.---1^—to a point within the circle situated 

at a distance b from its centre. Show that in order that the bead may move 
completely round the circle, its velocity at the point of the wire nearest the centre 

of force must not be less than 


y (f»-M 
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Ex. 13. A panicle is projeclcd along the inner surface of a rouch sphere 
and IS acted on by no forces ; show that it will return to the point of projection 

at the end of time — (e^ *^—1) where a is the radius of the sphere, t- the velocity 

of projection and the coeff. of friction. 


14. A bead moves along a rough cerved wire 
change.^ its direction of motion with constant angular 
possible form of the wire is an equ'angular spiral. 


which is such that it 
volcciiy. Show that a 



CHAPTER VII 


HODOGRAPH, UNITS AND DIMENSION, LINES OF 

QUICKEST DESCENT. 

43. Hodograph. If from a fixed point lines be drawn representing 
the velocities of a particle moving in a plane cur\e then the extre¬ 
mities of these lines will be on a certain curve which is called the 

of the path of the particle. If P and Q be two consecu¬ 
tive positions of ihe particle at time t and at time r+g/ and lines 
are drawn from O, namely OP' and OQ' to represent the velocities 




I ami 1 • .SI at P and Q. then the cuive P'Q' is the hodograph of the 
cur\e PQ. Now' P'Q' represents the change in velocity as the 
particle nKwos from P to O and hence in the limit when Q approa¬ 
ches P. thel nc P'Q' will be the tangent at P' to the hodograph and 
will become the direction of acceleration of P and the magnitude of 
the acceleration will be 

Lt velocity of P' in the hodograph. 

Sr-.O 

Hence the acceleration of P is equal to the velocity of the corres¬ 
ponding point P^ in the hodograph. 

Ifl.v, . 1 ) and (£, rj) be the co-orilinates of the points P and P* 
referred to axis through O, then 

A.V, -ri — Xy where A is a constant. 

Thus to find the hodograph, we first find v in terms of the angle 
c,. the angle which the tangent at P makes with a fixed direction. 
Hence if we get v~ c f{tl-), where c is a constant then the hodograph 
is obtained by w riting r for r, 0 for that is, the hodograph is 

>=cf(e). 
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Ex. 1. A bead moves on the arc of a smooth vertical circle 
starting from rest at the highest point. Show that the equation lo 

the hodograph is r A sin 

A is the highest point, P the position 
at time t. If v be the velocity at P. 

v^=^2g. AN - 2ga (1—cos 0) 

==4ag sin- 0/a 

or v = 2v 0?- sin 0/., 

The hodograph is 
r 2\ 'ag. sin OU' ^ sin 0 

Ex. 2. A particle slides down in a thin cycloidal tube w]i 05 »e 
axis is vertical and vertex the highest point; show tliat the equation 
to the hodograph is of the form r^ — 2g{a-\-h cos 20), pvirticle staiting 
from any point of the cycloid. If it starts from the highest point, 
show that the hodograph is a circle. 




O is the highest point of ilie 
cycloid, P the position at time /, 

v‘- j'fl) if it starts from a 

depth Vy below the horizontal line 
through O. 

But .V” and s 4r/sin i arc 

the equations of the cycloid 


hence 







{16a- sin^* 


A' 

4a 


I8a- (1 - COS 


the hodograph is /■*- [*<«-(l cos 20) So-) 

which is of the form H = 2g(a + 6 cos 2 0). 

If the particle starts from O, So = o 

r- 16a’‘ sin-0 —4a.e sin20 

4a 

r = v Aug sin 0 which is a circle. 

Ex. 3. The hodograph of an orbit is a parabola whose ordi¬ 
nate increases uniformly. Show that the orbit is a semi-cubical 
parabola. 
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Let (^, V)) be the point on the hodograph corresponding to the 
point (.¥>») on the path, hence ^ 

Now the hodograph is where 7]=conslant—c say. 

/. ri—ct, the constant of integration supposed to be zero, 

c2/2 
4a 

C «/2 


and £ = 


Hence 




4a 

-2/3 

^•'^=T2a+"-’ 

rf2 

h'= 2 ’ ^2 


tlcsc 


Suppose c,, Co are zeroes 

Hence /:cv*= 18a®v® which is a semi-cubical parabola. 

I-.x. 4. Prove that the hodograph of the path of a projectile is a vertical line 
scribed with uniform velocity. 


tx. 5. If the hodograph is a circle described under constant angular velocity 
;iDoui a point on its circumference, show that the path is a cycloid. 

44. Units and Dimensions. Any physical quantity is measured 
in term.s of a unit, thus if m be a quantity, its unit is f/, then the 

mensure of the quantity is 


Try fundamental units are those of masSy length and timey and all 
quantities can be expressed in terms of these units. Thus a quantity 
can he expressed in the form 

D' M'‘ 

where L, M, T are the units of length, mass and time. The numbers 
p. </. r are known as measure of dimension. Thus we say that the 
given quantity has dimension/? in length, ^ in mass and r in time. 
In terms of units we write as follows. 


[velocity] 


[length] ^ 
[time] “ T’ 


[acceleration] 


[velocity] _ L 
[time] “T*’ 


[momentum] = [mass] [velocity] 


ML 
T ’ 


[force] 


=[mass] [acceleration]=- 


ML 


T2 


[energy] or [work]=[force] [Iength]= 


ML^ 

7*2 • 
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As mentioned above, every physical quantity f can be expressed as 
k A/*' where k is a consiant thus 

[ F]=k 

If the units are //, M\ T\ then we must have 


[ F]-=k‘ V' M"' 7''^ where k' is also constant. 


We note that the dimensions of the same quantity arc always the 
same. The numbers k and k' are the measures of the quantity in the 
two systems of unit« used. Thus we haw 

K L>' A/® T' = K' (L']>‘ (M'r (T'y. 

When certain physical quantities are connected by a rejation in 
the form of an equation, each term has some dimensions and in order 
that the equation may be correct, the dimensions of each term 
must be the same. This is the fundamental idea in the theory of 
dimensions. 

Ex. 1. If the acceleration caused by gravity be the unit of 
acceleration and velocity of a mile in 5 minutes that of velocity, find 
the units of time and space employed. 

Since K. L* T^= K'. {M’y {L’f (T'r 


when ^ = P 1760x3 (1ft.) 

r* ^'(l sec.)*’ r~ 5x60 ' (I sec.) 


since v’=I mile/5 sec, = 


1760x3 

5x60 


ft. sec. 


These give T-- sec., Z,=9 68 ft. 

Ex. 2. Given that the unit of power is a million ergs per min., 
that the unit of force is a thousand dynes and the unit of time one- 
tenth of a second, what are the units of mass and length ? 


* “60* (1 sec/ 

r* (1 sec)^ 

« _ (I sec.) 

“ ' 10 “ 

These give M=6gm., Z.= Ig cm.r. 

Ex. 3. Show that if a body be acted upon by a constant force 
in the direction of its motion, the space passed over in time t from 
rest must vary as the square of the lime. 
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Here s will depend upon /and t. 

Equaling dimensions from both sides, we get 

A-1, |i-2A = 0 rx^2 

Hence socft-. 

Ex. 4. Find the time of oscillation of a simple pendulum. 

Let m be the mass of the particle, / the length of the string. 
Time of oscillation will depend upon m, I and g. 

Let t o: m»'/« g’^ 

Tcc y 

Equaling dimensions, we get p=0, q+r=0, —2r=l 

r^-\, p = 0 

Hence / cc /“ g~^ J_, 

Lx. 5. Gisen that I lb. = 453 gm.. J ft.=30*5 cm., show that the number of 
Jyncs in a poiinoal is 13?16*5 and the number of ergs in a foot pound is l'348x 10^. 

I-x. 6. If th; unit of velocity be 20 ft. per sec., the unit of acceleration 40 ft. 
see.-and the unit of force be 30 poundals, prove that units of mass, length and 
lime are ^ lb., 10 ft. and | sec- 

^ Ex. 7. Show that 1 watt which is 10' C. G. S. units of power is equal to 
740 taking I lb. =453*6 grains. 

ff=32*2 ft. scc.*=981 cm. sec.* 

Ex. 8. If the unit of kinetic energy be that of a train of mass tn tons moving 
with a velocity c miles per hour, the unit of power that of an engine of horsepower 
A and the unit of force the weight of n tons, prove that the unit of mass is 
r44S vi» 1 * 

"1 75/-- J 

Ex. 9. A body moves in a straight line with S.H. M. its acceleration 
being at a distance r from the centre of motion. Show that the time of arriving 

.ii the centre varies as ! . 

\'[L 

45. Lines of quickest and slowest descent. 

The time of descent down all chords of a vertical circle from the 
highest point is the same. 
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A is the highest point, AC any chord 
at an angle Q to the vertical diameter AOB. 
O the centre of the circle. 

y‘z=acc. down AC—g cos B 

AC^l rt-^=i5 cos Qj- 

But/4C=2<7 cos 0 if is the radius of 
the circle. 

hence 2a cos 6 = 2 g cos 0 




This is independent of 0 hence the times down all chords from 
A arc the same. 


Let us now find the line of quickest descent from a given poitu .1 
to a given curve. Draw a circle with A as liighcst point and touching 
the curve at some point Tlicn .4/^ will be the fine of quickest 
■descent from A to the curve. 

Let AQ be any other line from 4 to the curve cuttinii the circle 
at C. 

Then AQ AC. 

But time down >'/C=time down AP 
time down lime down, 

/ e. -lime down AP. 

Further AO = OP and / APO PAG. 

titc chord ofquickcsi descent, the normal to ilie cui\c at P 
and liie vertical through A form an isosceles triangle, \-\cncc the chord 
of quickexi descent is equally inclined to the vertical and the nonnal to 

the lurvc at the point where it fteels 
the curve. Similarly if wc want 
to lind out tlic chord of quickest 
descent from a curse to a given 
point, wc shall lind that the crclc 
described should have liie given 
point as the lowest point and touch 
the curve at some point and then llie 
line joining the point of contact with 
the given point is the required lino. 

Suppose the chord of quickest descent from the curve PP' to the 
curve QQ' is the line PQ. 

Since PQ is the chord of quickest descent from P to curve 
QQ', / PQA QPA. 

Similarly because PQ is the chord of quickest descent from curve 
QQ' to /^ /_PQB z' BPQ. 




172 


A TEXT BOOK ON DYNAMICS 


Also AAPQ=^/_PQB /_PQA = /^BPQ 

the figure PBQA is a rhombus. 

j Therefore the chord of quickest descent from one ctfrve to another 
^ the diagonal of the rhombus formed by the normals and the verticals 

at the points where it meets the curves. 

« 

(A) Geometrical constructions for lines of quickest descent in 
some cases. 

(/) From a given point P to a given straight line, or vice vefsa. 

Through P, draw a horizontal straight line cutting the given line 
in A and take AQ—AP. down in tirst case and up in second case. 
Then PQ is the required line. 

(//) From a given point P to a given circle or vice versa. 

In first case when P is outside the circle, join P to the lowest 
point and when P is inside, join P to the highest point of the 
circle; in eitlier case, if the joining line cuts the circle in Q, then 
PQ is the required line. 

In second case just do the opposite of other case. 

(///) From a given straight line to a given circle, or vice versa. 

In first case, draw a horizontal line through the lowest point B of 
the circle, and in second case, draw a horizontal through the highest 
point B, cutting the given line in K and take KP—BK and then join 
PB io cut the circle in Q. Then PQ is the required line. 

(m’) From a given circle to another circle. 

When the two circles arc external, join the highest point of the 
upper circle to the lowest point of the other; when one circle lies 
v\ithin another, then for descent from bigger to smaller, join the 
higliest points and for descent from smaller to bigger, join the lowest 
points. 

(B) Geometrical constructions for lines of slowest descent in some 
cases. 

(/) From a given point P to a given circle, P being without the 
circle and higher than the highest point of the circle. 

Join/’ to the highest point of the circle and produce it to meet 
the circle in Q, then PQ is the required line of the slowest descent. 

(/7) From a given circle to a point without it. 

Join P to the lowest point of the circle and produce it to meet 
the citcle in Q, then QP is the required line. 

{Hi) From a given circle to another given circle lying wholly 
without it, the lowest point of the first circle being higher than the 
highest point of the second. 

Join the lowest point of the first circle with the highest point of 
the second and produce it both ways to meet the circles in P and Q, 
then PQ is the requiied line. 
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Ex. i. Show that the lime of quickest descent from a given 

straight line to a given circle is \/ sec @/2 where @ is the inclina- 

^ g 

tion of the straight line to the horizontal and / is the shortest distance 
between the straight line and the circle. 


B is the lowest point of the 
circle,/tA'the given line. Through 
B draw a horizontal line cutting AX 
in A. Cut off AX-=AB and join XB 
cutting the circle at Y. Then XY is 
the required line. 

If C be the centre of the circle, 
join CB, CY and produce CY to cut 
/tA'in A', then YN=l, and ^CYB 
= 612 . 


\ 



XY=I sec ei2. 


Component ofg along XY is g cos 0/2. 
hence / sec 0 / 2 =A'>'=i g cos 0 2./^ 



Ex. 2. A parabola is placed with its axis vertical and vertex 
upwards ; find the chord of quickest descent from the focus to the 

curve and also the focal chord of quickest descent. 

Let QSP be a focal chord making 
angle 0 with the vertical. 

Then SP= , ^ , 

1 —cos 0 

^Q= 1 j fos 0 ’ /=sen)i latus 

rectum. Component of g down SP is ^ 
cos 0 



/ 


1 -cos e 0 .r 2 if I be the time down SP. 


or /*= 

g cos 0(1 —cos 0 ) 

t is minimum when cos 0 ( 1 —cos 0 ) is maximum 

i e. when —sin 0 ( 1 —cos 0 J i cos 0 sin 0 = 0 

i.e. 0 = 0 or cos 0 = J i.e. 0 = 60'*. 

Discarding 0 = 0 , wc get that the required chord is inclined at 
angle 60'’ within the axis. 
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For the focal chord QSPy we have 

/ / 


QSP= 


21 

I —COS0 1-t ccs^ sin* ^ 

If f be the time down QSP we have 

21 


sin* & 


- = i COS 0 P 

g cos 0 sin* 0 


This is minimum when — sin^ 9 \ 2 sin 0 cos* 0=0 
/.(?. cither 0 = 0 or —sin* 0 ^-2 cos* 0 = 0 
i.e. sin* 0 = § 

Discarding 0=0, we gel the chord QSP inclined at an angle 0 

_ 2 / 

where sin 0=v' § and the length of =3/=6a where 4a 

is the latus rectum. 


Ex. 3. !\n ellipse is placed w'ith its major axis vertical : find 

the diameter of the quickest descent and the limiting value of the 
eccentricity that this may not be the major axis itself. Also find the 
chord of the quickest descent from the focus to the curve. 





C is the centre and S the focus of the 
ellipse. Let PCQ be a diameter of length 2r 
inclined nt an angle 0 to the vertical. 

.2 


Then 


/cos* 

V a- 


0 sin 
b 


• > 


1 


•« 

r- — 


a~ sin* 6-\ b- cos* 0 * 
If / be the time do»'n PCQ, 
r—\ g cos 0 . 1 * 

2f 

g cos 9 
4r~ 

g- cos* 0 

Aa^h^- 

g~{o' sin* 0 - 4 ' 6 * cos* 0 ) cos* 0 

4!P 




t* = 


4A* 


g*[sin* 0 -h(l —e*)cos* 0 ] cos* 0 g*(cos* 0 -e* cos* 0 ) 


This is minimum when cos* 0—e* cos* 0 is maximum 
i.e. when (4e* cos* 0 — 2 cos 0) sin 0=0. 

Giving 0 = 0, ~ or cos* 0= 
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Discarding 0=::o, 7r/2 we get cos ^ 


In order that this is possible cv 2> 1 c 


In this case 




1 —e* cos’^© 


l-e>. 


1 

2e^ 


2h^ 


length of the chord—/»\/2 

For the focal chord SP' inclined at an angle to the vertical 

we have SP'=:. ^ .where / semi-Iatus rectum. 

1 — e cos <t> 

If t be the time down SP'., 

we have — ^ ,=igcos^r^ t'^= , 

1 —ccos^ ** g cos0( 1 —e cosV>) 

This is maximum when —sin ^ (1 —e cos «/>)- e cos sin‘^='f> 

‘.e. either ^=o or cos J 

2e 

Discarding ^ — o, we get cos 2 ^^ hence 2e>l or e ?. 


and SP’ = 


=2/=lalu> rectum. 


1 — e. 


E*. 4 . . 46 'is a given hori/onio) line and-* 1 //a line elevated al'ovc it at an 

angle «, prove that the least lime in which it is posiiblc for a body 10 descend from 

AC ^ 

to C along a straight line is 2( * 

Ex. 5 . Show that the shortest time of descent down a straight smooth lube 
«rom a circle to a point in the same vertical plane i» 

A Jr lan a cot ((!-»)" 

2 V ■ 1/ 

Where r 18 the radius of the circle and *, (J arc the angles which the lines drawn 
from the given point to the highest and lowest points of the circle make with the 

vertical. 

^*- 6 . Prove that the chord of quickest descent from a parabola to the 
when the axis of the parabola is horizontal is inclined at an angle of 60 to 
tne axis and falls towards the same side of the focus as the vertex. 

. E*. 7 . Prove that the locus of all points from which the time of descent 

m straight lines to two given points is the same is a rectangular h>perboIa. 

Ex, 8. Prove that the time of quickest descent along a straight line from 
« point on one vertical circle to another in the same plane is 


V 2 (c*—«*) 

g{a+h) 
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where c is ihe distance between the centres, o the sum of the radii and h the 
vertical height of the centre of the former circle above that of the latter. 

Ex. 9. A parabola whose latus rectum is p is placed in a vertical plane with 
Its axis horizontal. Prove that the normal terminated by the axis down which a 
particle would descend in the shortest time is at 45^ and the time of descent is 

VF- 

Ex. 10. A hyperbola is placed in a vertical plane with its transverse axis 
horizontal ; show that the lime of descent down a diameter is least when the con¬ 
jugate diameter is equal to the distance between the foci. 



CHAPTER VIII 
CENTRAL ORBITS 


46. A panicle moves in a plane with an acceleration which is 
always directed to a fixed point O in the plane : to discuss the motion. 


Take O as origin and a fixed 
line Ox as initial line and let the polar 
coordinates of P, the position of the 
particle at time /, be (r, Q). 

Let P be the acceleration of the 
particle towards O. 

The radial equation of motion is 

.(I) 

Since there is no acceleration 
equation is 







• • 


i.e. 



r^$—C0T\s{.^hy 
= hu^ if M =-■ 


say 

I 

r 




(l( dj'_}_ 

dtK u J ^ dt)\ u 



_L 

U" dQ 





du 

d9 


Hence (I) becomes 

-/(V - 

dO^ u 

U. +» ).(3) 


lf/> be the perpendicular from O upon the tangent at 
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Differentiating both sides with respect to Q, we get 


J!e=2u ^ 7 

dQ de ‘ “ d9 d&- 


i.e. ~1 ‘'P 


— - —( _ 1 _ \ 
dr de de^'') de ' 

_.L dp_ V ’ du r , dhi \ du 

dr id de v" ‘ ~de^y~d~B 


or 


ill 


dp y , d'hi \ 


Hence (3) gives 


r4) 

P^ dr . 


If Q be the position of the particle at time 
/.POQ-:=Sq 

then area = OA sin 

= J (r-^Br) sin $0 

area POQ 
5/ 


where 


Areal \elocity —lim 

Bt^o 


---lim 

S /->0 


i rird-Sr) sin S9 
6/ 


= 1/-^ in the limit 

= 1//. 

■mf/nprn^n’r^ compoiients .v, v paralleHto OX 

^ularW OP and perpendi- 

Taking moment of the velocity about O. we get 

^'P t’d - -.Vv —xV 

Tills relation is an identity and holds good for any curve. 

Wlien the curve is a central orbit, this relation becomes 
yp xy— j^y—const, h. 


Thus y- 


>-‘{"-(^91 


The equation to the ellipse with focus as pole is 


/ , 

I • e cos ^ y. /, = _L-:- ^ 


/ 

d'li f 

de^ rcos0 


/ / 


cos 0 
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Hence P=fi^u^ ^ say 






where ea= -i.e. h = y/ '^l 


Thus the central force varies inversely as the square of the distanc 
from the focus. 

Also v"=/,= K ^ J )»]=/,^ eos e )' 




(-T Sine^ ] 


= -t' [I t-26'cos e-he^] 


= 1^ [2 


I -re cos 0 J —e- 


I 


/ 


I 


2 1 / 2 

~f'- I ■■—:r] ^ semi-latus rectum — 

r a a 

=a(l-e*). 

2a being the major axis of the ellipse. 

If T be the periodic time i.e. the time the panicle takes to 
describe the whole arc of the ellipse, we have 

•J.A.T’-area of the ellipse- since \li is the areal 

velocity. 

• f . ... 

/ e.-^- IS the area described in unit time. 


Also h^ = [xl=n 


a 



(^) ihe central orbit is r'‘ — a" cos nQ tinder a force tow ards the 
pole, to find the law of force. 

Here w"<7" cos « ^ = 1 
Taking logarithmic differential we get 
du 

(an n e 


, d*u du 

'' d&^ ~ do stc}nQ^u (tan® nQ \ n sec® nQ) 

«*• '+“—«(«T-1) sec® flO=(/H I)fl^ ■ li 
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Hence P 


. In 2/1^3 




Also taking logarithmic dififerential of r"=n’‘ cos 


we get 


n dr 


= ~n tan nQ 


r ■ dQ 

or cot —tan n Q where A is the angle between the tangent and 
radius vector, 

f-n -1 

Now p^T sin <^»^r cos n9 =—„ 


dp r 

dr ' a 

dp a^'‘ r" _ t 1) 

(f,. —^»i+3 fl'* ” ^2»+3 

(c) If the central orbit is an ellipse under a force towards the 
centre, find the law of force. 

Equation to the ellipse with centre as pole is 


Hence T =in 1) 

pJt 


• » 


P - 






a^b- 

P“ 

= 

-b^—r 

20 = 6 = 

' dp 

m 

P"^ 

dr 

- —. 

h- 


IPr 

/ 7 '‘ 

dr 

aV,^ 

where h''= 

JO 

;x 

hHa~ 

rb^-- 






’x(a^-Tb~—r“)—'x. CD- 


wherc C is the centre of the ellipse, CD is the semi-diameter 
conjugate to CP. 

(d) If the orbit is a circle under force to a point on the circum¬ 
ference to find the law of force. 


The pedal equation to the circle is — ^ 
h- do h~ r Ir 


• • 


dp h- 
p-* dr ~~ 

where p. = 8fl*A“. 
■« ~ 


V2 = 


r 

a 


8aV 

a 


8a^h^ 

r^ 


_ Ji 

- ;.5 


l-l 


2r^ 


• • 


=V-f 


1 
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(^) Prove the following cases of central orbits :— 


(0 

OV) 

{iii) 

(/V) 


Equiangular Spiral 


B COtr. 

r=a e^ or 


Bernoulli’s Lemniscate r-=a- cos 2@. 

a nB , • ^ 

=e y nB- cosh nB or sm nB 
r 

/" cos n 0 = 0 ". 


p=r sin a 






(v) r=a sin nB- 

(i7) Circle, pole within the circle 
(vH) Cardioide r- rt(l+cos0) 



(viii) If the velocity at any point varies inversely as the distance 
of the point from the centre of force the orbit is an 
equiangular spiral. 


47. Apses. An apse is a point on Ihe path, 
which is perpendicular to the radius vector. 


Here p • r 



we get 



the velocity at 


The distance of an apse from the centre of force is called an 
apsidal distance and the angle between two apsidal distances is called 
an apsidal angle. 

If the central force is a single-valued function of the distance 
i.e. it depends only on the distance. P=f(r) say. 


Now 


r/*w ^ _ P 
de^ hhP 


Integrating with respect to m, we gel 



Hence/> and /. ^ are functions of r only. 
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Thus if a point describes a central orbit, commencing from an 
apie, It will^descnbe symmetrical orbits on either side of the apsidal 
distance. Therefore the path is divided symmetrically by the apsidal 
distance. When it arrives at a second apse, the path on either side 
01 this second apse is again symmetrical and therefore the next 

apsidal distance will be equal to the one before this second apse and 

the angle between the second and the third apsidal distances will be 
the same as the angle between the first and second. 

Thus if a central force be a single valued function of the distance 
there u i// be only two apsidal distances and one apsidal angle. 

For example let P=[).u'\ where n is an integer. 


dhi _ P 



Integrating we get 


Id 


dll 




At an apse 


= 0 


+c=0. 

Z tx 


Whatever n or C may be, this equation can not have more than 
two positive roots by Descarte's Rule. Hence there are at most two 
apsidal distances. 


Velocity in a Circle. If v be the velocity in a circle at a distance 

V“ 

r from the centre of force then P =— o.- v-^Pr. 

r 


^■elocity from infinity. If a particle falls from infinity under an 
attraction P to the centre of force 


r 

then pdr. 


4H. If the central acceleration is equal to to find the orbit. 

ilere / =_l_ 


Integrating we have-^ ^ -i-C 

P’ r 

b‘ 2 


Comparing with = which is an ellipse or hyperbola 

referred to the focus, we get 


Ir 


IX 
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/• /i=\/^=v/ [Jil where / is the semi-Jatus rectum and 
^ a 

c=T Ji. 

a 

Hence the orbit is an ellipse, parabola (p‘=ar) or hyperbola 
according as C is negative, zero or positive. 

Also 

r ' V, r a J 
Hence for elliptic orbit, 

„ hyperbolic »• ’ ^ “ J 




parabolic 






2'j. 


r 


Also since i A is the areal velocity 
|/f.7’=area of the ellipse = 7ra/; 

i.e. periodic lime=7’~^”f^ = ^uah 


V 


_ 27r 

■:Wv- 

a 


3 


a 


When the central acceleration is from the centre, we have 

<//7_ {A 

dr 

'':=-^^+c 

pi r 

fy“ 2r} 

Comparing with —=• = 1-- which is the further branch of the 

P r 

hyperbola. 


get 


Q 


SO that 


V k/ and 




( 4 -^) 


Thus when the central force is repulsive varying inversely us the 
square of the distance, the farther branch of the hyperbola is 
described. 


49. Kepler’s Laws of Planetary Motion 

1. Each planet describes an ellipse havine the sun in one of 
its foci. 

2. The radius vector, drawn from the sun to the planet, describes 
equal areas in equal limes. 
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3. The squares of the periodic times of the various planets are 
proportional to the cubes of the major axes of their orbits. 

Deductions. The second law says that the areal velocity is 
constant or const, hence the force on planet is entirely directed 
»o the sun. 

From the first law it follows that the force on the planet is 
inversely proportional to the square of its distance from the sun. 

2n 

From the third law it follows, since T~ —r a “ 

\ 

that ;x is constant i.c. acceleration at unit distance from the sun 
i> the same for all planets. 


50. Examples. 

Ex. !. A particle moves under a central repulsive force 
m/ \ 

(distance)'J projected from an apse at a distance a with 

velocity 1 . Show that the equation to path is r cos pQ=a and the 

angle ^ described in time t is — tan-* t ^ where o*= 

p \a J ^ 


d-ti _ fxM® - _ 

de- " h-u~^ W “ 


or 


Now 


d-^u 

de^ 

dhi 




h — Yp= Va 


de~ " ) 

Solution is u= .4 cos pB r B sin p$. 


Iniiiallv u~ ^ \\here 0 = 0 and ~ —0 

ii dQ 


where 0 = 0 , since 


m ap^e. 


a 


A 


O 


dt( / 'v 

= - Sin peA-BpQospe\=Bp. b=o. 

0 = 0 . 


Hence // = _cos /)0 or rcosp 0 =G. 


a 


To find /, r' 0 =h=al' 

de^ aV 
di o''^ sec- p0 


or 


a 


cos^ p& 
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e 


or 


V ^ 1 

— 1 = sec* 00 ^/ 0 =— tan P0. 

a J P 

0=0 


pV 

tan pQ—~ t 
a 


e=4‘"") 


s +w = — ' , where P is constant. 


Ex. 2. A particle moving under a constant force from the 
centre is projected in a direction perpendicular to the radius vector 
with the velocity acquired in falling to the point of projection from 

the centre. Show that its path is ^cos-2 0 

__ P 
J0* /i*w 

If Vq be the velocity of projection at a distance a from the centre 

a 

ivQ^^^Pdr = Pa 
0 

d-u 1 


Hence 




u = — 




Integrating 


1 




+ C 


Initially when u 


1 


du 


a * do 


= 0 at the apse 


C=0 


CS ' ■' 


a^u 


or 


or 


/ </mV _ 1 -fl® n 

■ ■ 




\/ du=±de 

V 1— 


Put (PtP cos® 0 


or 


aM=-cos 


•> 

S 


/ 


V 


a~ cos® 
sin® ff> 


adu— — l cos ^ V* sin «/> </«/> 


2 sin 0 
cos^ ^ 


• ± r/0 


or 


±§t/0 


Hence 


cos 5 


2 a ^ 


/■ 1-. I e 
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Ex. 3. A particle is projected at right angles at a distance 
under a central force with the velocity from infinity 


>1-3 

show that the orbit is /• = o 


cos 2 




pM" U 


de^ 

;n„ f V . 2u 


Integrating I -.-«2 ^ 


(n-l)/i 


u 


«-I_! 


a 


If Vo be the velocity of projection > v„-= - f dr^4- _ 

J /■'* ^ (fi~ 




oc 


(/;— Ijfl" 


-1 


Hence h'=aHK— 


( 




de) • 


Initially when //=-t-L , — =0 C=0 

n dQ 

Hence =u2(„r..3„„-3_J^ 


du 

u\^a'^ n" 1 


8 
n-8 


= tdQ. Put au—stc <i> 


2 

/T-3 


a 

) h-3 

— sec 6 tan ^ 




o 

I 

— sec <J> tan 


o 


or d<f> = 




±";'e 


= ±</0 


3 

n"^ _5 

Hence flw=sec . fy' 


or 


(4) 


>1 -3 
3 


n-3 

r> 


n-3 


//—3 - 2 M —3 

sec 2~0 or r ^ a cos ^ 6- 
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Ex. 4. Show that the only law for a central attraction, for 
which the velocity in a circle at any distance is equal to the velocity 
acquired in falling from infinity to that distance, is that of the inverse 
cube. 

If Vff be the velocity for the circular orbit, P the central attraction 
then Vo^=Pr. 

If V be the velocity in falling from infinity 


/■ 


Then 


= - J 


P(h 


oc 


Since 


w 

v=Vo weget/*r = —2 ^ P dr 


cc 


Differentiating with respect to r we get 


P+r 

dr 


or 


dP - - dP 
r or ^ 


= _3 


dr 


Integrating log P=^~^'h log r-f C 


• • 


P= 


[J- 


Ex. 5. A particle moves in a curve under a central attraction 
so that its velocity at any point is equal to that in a circle at the 
same distance and under the same attraction ; show that the law of 
force is that of the inverse cube and that the path is an equiangular 

spiral. 


Given v^—Pr 



i.e. 

or 


p^r /)=* dr 
dr _ dp 
r ~ P 


and 



p~Ar which is an equiangular spiral. 

= _L 

* 


Ex. 6. Show that the velocity of a particle moving in an ellipse 

about a centre of force in the focus is compounded of two constant 


velocities, — perpendicular to the radius and 

n 

to the major axis. 



perpendicular 
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Also /r==iil~yL 


b^- 


a 


Hence 




u 


the 


S is the centre of force, S‘ 
the empty focus. Let p, p* be 
perpendiculars from 5, S' on 
tangent at P. 

Now vp=/i also pp'=b^ 

b h , 

h 


v= 






aj^ 

lA 


v = . S'Z. 

ah 


Thus the velocity is . times S’Z and perpendicular to S'Z. 

an 


But 


S'Z =S’C +CZ 


the velocity is times S'C {=cie) and perp. to S'C 


and 


times CZ (=a) and perp. to CZ which 
is parallel to SP 


Thus the velocity is e-^ perp. to major axis. 


and 


perp. to radius vector. 
n 


Ex. 7. The eccentricity of the earth’s orbit round the sun is 
,’,0 ; show that the earth’s dis¬ 


tance from the sun exceeds the 
length of the semi-major axis 
of the orbit about two days more 
than half the year. 

AA’y BB' are the major and 
minor axes, SB=o 

earth’s distance is greater 
than a when E lies in the arc 
BA'B'. 



time of describing arc BA'B' _area SB A'B'S 
periodic time whole area 


\T^ab 

TTUb 




1 

60x3*14 
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/. Required time=:[^ ^ j year 

= J year--2 days approx. 

Ex. 8. A particle describes an ellipse about one focus. Show that the 
greatest and least angular velocities occur at the ends of the major axis and also 
that if a, ^ be these angular velocities the mean angular velocity is 

V'a-rv?’ 

Ex. 9. Prove that if a particle moves subject to a central acceleration 
and have a velocity u at a distance r from the centre offeree, its periodic time is 



Ex. 10. If(o be the angular velocity at perihelion of a planetary body. 


prove that its period is 



I 

(l-O* ■ 




Ex. II. A particle describes an ellipse about a centre of force at the focus, 
show that at any point of its path the ang dar velocity about the other focus varies 
inversely as the square of the normal at the point. 

Ex. 12. If the velocity of the earth at any point of its orbit were increased 
by about one-half, prove that it would describe a parabola about the sun as focus. 

Ex. 13. If the velocity of a body in a given elliptic orbit (major axis 2«) 
is the same at a certain point /' whether the orbit is being described in periodic 
time T about one focus S or in periodic time T' about the other focus S' ; prove 


that 



SP - 2 "-^’ 
T+T' T-\-T 


Ex. 14. Assuming that the eccentricity c of u planet's orbit is a small 
fraction, show that the ratio of the times taken by the planet to travel over tha 

4< 

two halves of its orbit separated by the minor axis is nearly I-l- 


Ex. 15. Prove that the (wo parts into which the earth’s orbit is div ided by 
(he latus rectum are described in I7S'7 and 186‘S days respectively 

Ex 16. Prove that the time required to describe an arc of a parabola 
under the force to the focus, starting from the nearer end of the axis is given 


^ A /2«* / 0 , 0 \ 

by ^ ^ tan “ 2 - + i tan® ^ where a is the apsidal distance and u is 

measured from the axis. 

Ex. 17. Show that in elliptic motion about a focus under attraction 
the radial velocity is given by the equation ’ 
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Ex 18 A particle moves with a central acceleration which varies Inversely 
as the cube of the distance 5 if it be projected from an apse at a distance a from 
the origin with a velocity which is-\/2 times the velocity for a circle of radius 

0 

show that the equation to the path is r cos =a. 

Ex. 19. A particle acted on by a central attractive force - is projected 


with a velocity at an angle ^ with its initial distance, o, from the centre 
of force prove that orbit is t =ae^‘ 

Ex. 20. A particle describes a rectangular hyperbola, acceleration being 
directed from the centre: show that the angle 0 described about the centre in 
time t after leaving the vertex is given by 

tan 0=tanh (\/{i t) 

where j* is the acceleration at unit distance. 

Ex. 21. A particle is acted on by a central repulsive fofee which varies as 
the powerof the distance; if the velocity at any point of the path be equal to 

that which would be acquired in falling from the centre to the point, show that 
the path is 

H+.3 

1 h + 3 

r ~ cos -y-O-const. 

Ex. 22. If the central acceleration is .the velocities at the two apsidal 


2k* 

distances satisfy the relation — 

Ex. 23. A particle is projected in a plane with velocity dhcction 

tance a from a centre of force attracting according to the law [i/r , \n a direction 

inclined at 30" to the radius vector ; show that the orbit is r cos zu. 

Ex. 24. If the law of force be ) and the particle be 

projected from an apse at a distance 5a with velocity equal to of that in 

a circle at the same distance ; show that the orbit is the limacon r=al3+2 cos 0). 

EX. 25. If the acceleration at distance r is and the 
at a distances from the centre of force with 

orbit is a circle through O of n diameter a cosec a where a is the inuinauou 
the direction of projection to the radius vector. 

Ex. 26. The taw of force is ii«^; a particle is projected from an apse at 

distance n with vctocity-^'^/ . Show that the orbit is r coSy 


I 



CHAPTER IX 
MOMENT OF INERTIA 

fK Consider a body of mass M and take a panicle 

product wr- Corresponding to every particle of the body we get a 
product ofthis type so that the sum total of all these products is 
.p>s quantity IS called the momem of inertia of the 

theTin^ 1 ‘he body about 

Jo a'plane t"n'pornr“ "“h aspect 

elemJn'f'ofrn/c.'’^ a lamina and (,v.j) be the coordinates of the 
nf ?ht / • I '■^^'^tigula^ or. o>; in the plane 

Zmy^ and The quantity io/v is 

called t\\t product of inertia with respect to the axes ox, oy. 

riniA" dimensions we lake three axes oa. o>', or, mutuailv at 

right angles. If {xy2) be the coordinates of the element m tlu* 

r"s°pmilei;. - 

A^Zm (/M-.-*). B=-Zm (.-^ a^). C=2m (aM j’^). 

The products of inertia with respect to the axes of >■ and - of 
z and r and of .V and > are respectively 

D = Zmyz, E^Zmzx, F Zmxy. 

The moment of inertia with respect to the origin is 

H Zm (a-2 4->'2 -\- 2 ^) == Znir'^ 
where r is the distance of particle m from origin. 

In the case of a plane lamina, taking the plane of the lamina as 
tAy) plane so that coordinates of any element m of the lamina are 

y, o), we have 

A Zmy\ B = Zmx^, C^Zm (x^A y^) 
so that C=A \ B. 

This proves the important result :— 

The sum of the moment of inertia of a lamina about two recta/tfiidar 
oxes ox, oy in its plane /r equal to the moment of inertia of the 
lamina about an axes through O perpendicular to the plane. 

52. Moments of inertia in some simple cases, 

(a) Rod of length 2a and mats M. 
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O be the middle point. Take an element dx of the rod at dis- 


M 


tance .v from O, its mass—^ dx 

2a 


M 


Its moment of inertia about a perp. line through ^ dx. x 
Therefore /. of the rod about Ihis line 


J 


M . ,, o> 

_ .Y“ J.Y = Al. 

2a 3 


—a 


Similarly M. I. about a perp. line through one end 

2a 

-j 


- X’dx=M .—. 

2a 3 


0 


(6) Uniform rectangular lamina of sides la, 2b and mass M. 

O be the C. G. of the lamina, OA', OY parallel to the sides 2a, 2b. 

To find A/. /. about OY, take a strip parallel to OY of breadth 

dx at a distance .y from O. Its mass — dx and its M. 1. about OY 

Aah 


M 

Aah 


dx. .Y". 


Therefore \f. /. of the lamina about OY 

r 

a 


-/ 


—a 


M 

Aab 


x-dx^M. 


a” 


Similarly M. I. about OX=M. 


b- 


Therefore M. /. about a perpendicular through O to the plane 


of the Iamina = A/' 4 A/ ^ ^ 

(c) Uniform rectangular paraUelopiped of edges 2a, 2b, 2c. 

Let OX. OY. OZ be the axes through the centre O perp. to the 
faces. To find Af. /. about OX, divide the parallelepiped into 
rectangular laminas perp. to OX. Each lamina has sides 2b and 2c 

and A/. J. of each about OA'^ils mass multiplied by —. 


Hence A/. /. of the whole=A/. 


+ 

3 
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Similarly about the other two axes. 

For a cube, M.I. about any of these axes is M. — 

(</) Uniform circular ring of radius a. 

Take X' OX any diameter and P any point on the ring where 

/_xop=e. 

Take an element at P adQ, its mass- adQ, its A/./, about 

ZttO 


Kf 

OX=‘‘ de.a‘'- sin^e 


2tx 


M.I. of the ring about X'OX 

277 “ 

a- sin^ 0 d0 


j 


= A/. 


•> 

a- 


0 


But X 'OX is 



any 


diameter. 


hence M.I. about any diameter is 


Another method. Since every point of the ring is at distance 
a from the centre O. M l. about 0 = ^ A/m-’. Also due to symmetry 
M.I. about any diameter is the same if A, B be the moments of 

inertia about v and y axis, then A = B 
so that 2A = A ^ li^Xmiy^ I \-) = rma^ Ma"^ 


Therefore M I. about a perp. through O to the plane 




= A/«2. 


(e) Uniform circular disc of radius a. 

Take a ring of radius r and breadth dr, its mass 

M. 27 Tr dr 2.Mr dr 

— - =S o ^ 


7TO- 


its M.I. about any diameter 


2M.rdr 


a 


r^ 

2 


M.I. of the disc 


a 



o 


IMrdr 

a- 


M.(P 
'2 4 
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M.I. about a perp. through O to the plane = 


M. 


3 


(f) Uniform triangular lamina about one side. 

To find M. I. about BC, divide the lamina by strips parallel 

^ to BC. Let PQ be one such strip 

of breadth dx at distance .v from A 
and Jet p be the perp. AN. 

. 
a 

M 

h ap 


X 

\ 

— 





Then 


X 


N 


W w 

P 

PQ.dx 


mass of 


2M 


xdx. 


2M 


its M.I. about xdx.ip — x) 


M.I. of the triangle about BC = .v)-.\T/.v=i M.p.* 

o 

(g) Uniform elliptic disc of semi-a.xcs n, h. 

Let OA", OK be the semi-axes. To find M.I. about OX, take a 

'trip parallel to it, of length 2x and 
breadth dv : its mass 

4 

. 2xdv. its M. I. about OA' 

TTUh 


M 

TTdh 


. 2.\dy.y- 


/. M.I. of the disc about OX 
b 

2M 

IT ah 

% 

h 





Pul V 
M) that i/r 

! leiifc .\t / 


a cos ^>. V h sin ^ for an ellipse -l = I 

^ or ' 


h cos d<h 
2M 


7T. 2 

2M ^ 4M C 

.ah - J '■'"‘‘y- .rah) " 

o b cos 


o 

71/2 


^ r cos=^s!> sln^-/* (/V* 


16 


4 • 
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Similarly M.l. about OY — M 

' 4 

Therefore MJ. about perp. through O to the plane = Jf. 

{h) Hollow sphere about a diameter ^ 

~ “o 7 .S ‘r, 

momenis of inertia about these axes, wc haCe** ’ ’ ^ 

A = B = C 

=A C= 2'w0'2 ++ y.>^ 

--2Z’/«(.v-2+y2-i-r2j = 22’/«fl*=2A/aa 

. . .. 2a^ 

• • A~M ^ 

This is the M.l. about any diameter. 

(i) Solid sphere about a diameter. 

Take a shell of radius r and breadth dr. 

Its mass =- its A/./. about any diameter=^^^*'^'^ . 


.. M.l. of the solid 


2M 


o 

Routh’s Rule. MJ. about an axis of symmetry. 

^M (sum_o^uarcs_^perp. semi-axes) 

rodTc^cula^cfncLdhi^^ 

^•ny'on^in otT? —^i-ates wl.b 

Parallel and ,et the’e^ord-in^.e: 'o^a. 

: -v , //= y +y\ \ I r'. 

^OW M /. about z-dx'is = Smix^+yi) 

■W( * ^ + j-for r„x\ rmy are «n. 
^ince C .0. IS the origin of the system (a" y' z ) 

'^holc mass eallecuci o 
. M I. of the body about a line through C.r/. parallel to axis 
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Since z*axis is any line, we have that the M.I. of a body about any 
line is equal to that about a parallel line through C.G. plus M.I. of the 
whole mass collected at the C.G. about the original line. It follows 
therefore that, of all lines parallel to a given straight line, that one has 
the least M.I. wdtich passes through the C.G. 

Similarly product of inertia about the x and y &\\s=^mxy 

=M X y x' y' 

This gives that the product of inertia about any two perp. lines is 
equal to that about two parallel lines through the C.G. plus that of the 
whole mass collected at C.G. about the original lines. 

54. Given the moments and products of inertia of a lamina 
about rectangular a.xes Ox, Oy in its plane, to find the moment of 
inertia about any axis through O in its plane. 

Let OA be any line making angle 
Q with Ox, P be the point (xy), PL perp. 
to OA. 

/. PL^y cos 9—x sin 9 
M.I. about OA=Sm PL^=2Im 

(y cos 9—x sin 9f 
=cos-0 Lmy^—2 sin 9 cos 9 Smxy 

sin*0 Tmx® 

=A cos*0—2f sin 9 cos0+5 sm®0. 



55. Examples. 

Ex. 1. Find the moment of inertia of an arc of a circle about 
(1) the diameter bisecting the arc, (2) an axis through the centre 
perp. to the plane, (3) axis through the middle point perp. to the plane 
O the centre. A the middle point 5| 
of the arc. Take an element ad9 a 

M 

P. its mass = .s • Qd9 where 2a 

2aa 

is the angle subtended at O by the 
arc. 


M.J. about OA = 


_ r ^ 
J 2oa 


. ad9 


— a 


a~su^-B= 2 2a'j- 



A/. /. about axis through O perp. to plane=sum of those about 

OA and f ~ . ad9 (n= cos= e+fl* sin^ 

J 2aa 
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M. I. about axis through A perp. to plane=sum of those abouv 

a 

M 


-j 


AO and AN^ \ . adQ. {< 2 ^ sin^ (j _cos ©y-i) 


— a 




where / 


Ex. 2. Prove that the moment of inertia of a triangular lamina 
ABC about any axis through A in its plane is {fi ^ 

where M is the mass of the lamina ; /3, y are the 
perpendiculars from B, C on the axis. 

Let DC cut the axis in X. Denoting the 

areas of triangles /tCA'by Ai» A* 've have 

• Aj=^.?=Ai—A2„ a 

fJ V P-Y p—; 

is the area of triangle ABC. 

If/M be the mass per unit area, moment of 
inertia about /M (Aj A 2 . V") 

* 

Ex. 3. Show that the moment of inertia of a right solid cone, 
whose height isA and radius of base is a, is about a 

3A/ 

slant side and - (//*+4n-) about a line through its C.G. perp. 



80 



to the axis 

Take the element between 
two circular sections at distances 
X and x-\-dx from O. 

If P be the density, its mass 
=7rA^ Vdn'^v.dx. p and its moment 
^ of inertia about 

lan^ X 
•> 


OX=^7tx'^ tan^ X dx . p. 
M. I. about OX 
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Af=i naViP 


moment of inertia of the circular disc about Oy=7T.x^ tan^ a i/xp 

A'* tan“ a 




-t-A-2 ^ 


= J 7T.\^ tan® aP^ 


M. I. about OY— I tta® tan* 

0 
7^ 


A* tan* a 

4 ■ ■ 


f -v * ^dx 


= -^ P tan* a (tan* a-~4) p a* (n*-f 4/i*) h 


= 25 


A/. /. about OA=.4 cos* a+5 sin* a 

= jQ Ma~ cos* a+^ A/(o*-j-4/j*) sin* a 

= 7 ^ Ma^ ^ 2 cos* a+sin* a-f 4 sin* a 


20 


Ma^ cos* 


a* 


) 


( Ah- 
2+tan* a+ tan* 


■) 


2 + 


n* . 4/j* a* 


+ -- - 
I A 


= 20 


/j* 


1 + 




/i* 3 . 6/i* } n* 


Also B=M, /. about a parallel line through G-f A/ 

A/. I. about the parallel line through G 
3 .. .. 9 


( 4 ‘)' 


(n*4-4A*) 
3Af 


16 


Af/i* 


80 


(/P-^-4a*). 



Ex. 4. Prove that the product 
of inertia of a semi-circular wire 
about diameter and tangent at its 

extremity is 2M 


TT 


Take an element adO at P, Us 

M _ Mdo 
mass= . adQ=--~ - 

77a TT 



moment of inert/a 
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Product of inertia about OX^ OV 


7T 

~ S 71 J V ‘ ^ e 


0 


TT 


“ J.^ (sin e-J sin 20) ^/0= 

0 ■ ‘ "" 

Ex. 5. Find the moment of inertia of the following 

(a) An isosceles triangle yffiC about an axis throush the vertex 

A perp. to (i) the opposite side, f/V) the plane of the trianele 
Ma^ ... A ' 


(0 


24 


AfoY, 

00 g 1 cot= 2 


) 


“.2“ 5"“'" '■aiu. » .bau, . 


A/ 




(c) Area bounded by r^^a- cos 2e about its axis. 

MaY 8 \ 

16 C’'“Xj 

(if) Triangular area ABC about a perp. to the plane through A 

M 

(e) Truncated cone about its axis, radii of ends being a, A. 

3 A/ 

10 a^-b^ 

intemil “adii°"' «• * being external and 

2M n-'—h'’ 

5 a^~h-i 

(g) Hollow cylinder about a tangent in the plane passing through 
V. c. and perp. to axis 

"(? + ) 


(h) Solid cylinder as in (g) 


) 


disiaLrYr'’"'''',!'^® by an ordinate at 

distance h from the vertex (i) about tangent at vertex (//) about 

(/) (//) tXfah. 
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(j) Semi-circular lamina about a tangent parallel to bounding 
diameter. 



(A) Elliptic lamina about (/) diameter of length r, 
distance p from centre. 



Mu-b^ 


(/o 



(/■/) tangent at 


Ex. 6. If A:,, Atj, be the radii of gyration of an elliptic lamina 


about two conjugate diameters, prove that 



Ex. 7. Prove thatlhc tjum of the momenis of inetiia of an elliptic lamina 
about any two perp. tangents is constant. 


Ex. 8. Find the product of inertia in the following coses 
{a) P.ight-angled triangle about sides 2«, 26 containing the right angle 

Mab 

— • • 

3 


(6) Disc in the form of a quadrant of u circle about the bouriding radii 

Mr^ 

2r. 


56. Momental Ellipse. If .4, B and F be the moments and 
product of inertia of a lamina about the rect. axes Ox, Oy in its plane, 
the moment of inertia about a line at an angle Q with Ox is given by 

/=.4 cos- 9 — 2F sin 0 cos 0 -\-B sin- 0 . 

. ' 

Let (he line revolve about O in tite plane of the lamiria and be 
of such length OP that the moment of inertia of the lamina about 
OP be inversely proportional to the square of its length, that is. if 

OF~r. then /= ^ where K is ^ constant. Thus 

r- 


-. (cos-e -2Psin f9 cos e I P sin" 0. 

If P be the point .v, v so that .v = r cos 6, sin 0, the logus of 
the point P is 

Ax^-2Fxy + By^ = K ; 
which is a conic having O as centre. 

This conic must he an ellipse., for /, Uie moment of inertia about 
any axis through O is clearly always finite and so r is never infinite. 
For different constant values of A", the equation represents a family 
of concentric similar and similarly situated .QUipse5^ An ellipse of 
this family is called a momental ellipse of the lamina at the point O. ; 

Now an ellipse is a figure having double symmetry about its 
major and minor axes, the semi-axis are the maximum and minimum 
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radii vector f.om the centre ; also when the ellipse is referred to these 
«es as CO ordinates axes, its equation has no term rn .vy. 

Hence we conclude that at every point O af a lamina 
(/) there is one pair of rectangular a.ses for uhuh F^O i.e. 
product of inertia about these axes vanishes. 

Hi) the major and minor axes of the momental ellipse are the 
axes of least and greatest moments of inerlta, 

(Hi) moments of inertia about axes equally inclined to t \e major 

and minor axes are equal. 

57. Principal axes. Defn. A pair of axes about uJuch 
product of inertia vanishes is called Principal axes. 

From 56. we conclude that • ■ ; 

(/) at eac h point of a lamina there exists one pair of pnnetpal 
axes ind these are the axes of the momental ellipse at that point 
(/■/■) the principal axes at a point are axes of greatest am 

moments of inertia at that point. . * 

ir.l. B, fbe the moments and product of inertia about^av, 

Of, then the product of inertia about two axes making angles 

svilh A-axis i-mip cos Q-x sin feK-V cos Sir 6) 

^ (A — B) cos e sin e + f'eos 20 

= sin 20 ■ Fcos 20. 

2r 

This vanishes when tan • 

■ Tliis gives the inclinations of the principal axes to the axes 

We funher note that if a lamina has an 
principal axes at any point “f "“omema eUipse 

ir-ihroug,. tLt 

point is the same. 

58. I'oci of Inertia. .ah 

Let Ox Gy be the principal axes at the C .G. of the lamina , , . 

Ihcmomenisofinertia^bom On G.v, take points .S and H 

I A #> Vl D l\ 


such that GS GU 


V 


A-B 
M 


. If 


Sy' be perp. to .Vv, moment of 

inertia about Sy'^B \ M. GS 
^ U y A ~ B = A about .y. 

Product of inertia about Sx, Sy 



= rmxy C.srm,f = 0 since Gx, Gy are principal axes so that 
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Zmxy=0 and G is the centro’d 5o that Zmy—O. Thus the momentat 
ellipse at 5 is a circle and moments of inertia about all axes through 
•S’are equal to Similarly the moment of inertia about any line 
through//is also .4. Thus if we take a point P in the lamina, 
moments of inertia about PS and PH arc equal. Thus if we construct 
the moinental ellipse at P, radii vectors in the directions PS and PH 
must be equal so that the principal axes of the momenta] ellipse are 
the bisectors of the angles between PS and PH. These are the 
principal axes of the lamina at P. If then we draw with S and H as 
foci, an ellipse to pass through Py the principal axes of the lamina at 
P are the tangent and normal to this ellipse at P. The points S and 
H are called the foci of inertia. 

59. Equimomental Particles. If a lamina and a set of particles 
have (/) the same total mass, (//) same C G. {Hi) same principal axes 
and (/»•) same principal moments, then the lamina and the particles 
have the same momental ellipse and hence the moments and products 
of inertia about all axes in the plane of the lamina are identical. The 
panicles are then said to be equimomental with the lamina. 

60. Examples. 


Ex. 1. If A and B be the moments of inertia of a uniform 
lamina about two perp. axes Ox, Oy in its plane. F the product of 
inertia about these lines ; show that the principal moments at O are 

momental ellipse referred to O.v, Or is —1. 

.. .. principal axes is A-^x^ + B^y^ - \ 

where A^, B^ are the principal moments. 

Hence by invariants 


These give Ai and 


A,-i-Bi:^A-} B \ 

A^B^^AB-F'^ J 

Ex. 2. A wire is in the form of semi-circle of radius £/, show 
that at an end of its diameter the principal axes in its plane are in¬ 
clined to the diameter at angles I tan * — and ^ 1-tan * —. 

TT 2 2 fT 

O the centre ; .4 = moment of inertia about .4 .y 



^.\f 




B=. M.I. about .4.r 

='^(f +"0= 


Ma\ 


r- 


Product of inertia about 

Af..40.0C. 

TT TT 


M a. 
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4A/a2 

tin 2«— - _'* ^ Hence the answer. 

Ex. 3. Prove that a unifoim red of n afs M is cquimomcria! lo three 
particles, « each end of the red and 5 3/ at the middle point. 

Ex 4 Prove tliat a triangular lamina of mas< M is cqnimomcnia! to 
three particles each of mass A placed at the middle points of the sides. 

Ex 5. Pro\c that a paiallcloyram is cquimon'icntal with lour particles, 

at the middle points of the sides and at the imcisection of il.c diagonals. 

Ex. 6 . Lengths . 1 /? and . 1 of the sides of a rectangle Ali^'D are 2‘i and 
• prove that inclination to AH ol one of the principal axes 

. . 3'7t» 

at A IS o tan 2{n*—h-*) 

Ex. 7. At the vertex C of a triangle right-angled at the principal 

axes in the plane arc inclined to the sides at an angle A tan-’ - 

Ex. 8 . is a triangular area, AD is pcyi. to middle 

point of BC and O is the middle point of DE. Show that BC is a principal 

P.vis of the triangle at O. 


M 

6 



CHAPTER X 

D’ALEMBERT’S PRINCIPLE AND THE 
EQUATIONS OF MOTION 

61. A rigid body is assumed to be made up of mass-particles 
connected together by a kind of mass-less rigid frame work, each pair 
of particles being always at the same distance apart during the motion. 
Consider a panicle of mass m situated at the point {xy-). If/ be its 

acceleration with components (,v. jj. then m/is called the effective 

force on the particle m. This effective force is by Newton’s Second 
Law, exactly equal to the resultant forces on the particle. This force 
is compounded of two kinds of forces, (n) an impressed or external 
force and {b) an internal force which is the resultant of the reactions 
of other particles on m. Let the components of force (a) be 
{X, Y, Z) and those of (6) be {X', Z'). Thus for the particle 

the force (m.v, ffJy. fnz) are equivalent to the resultant of the forces 
{X, Y, Z) and (A', T', Z'). Similarly for all the particles. Thus 
the set of effective forces of which a typical one is (w.v. my, m 'z) is 
the equivalent of two sets of forces whose typical components are 

IX, Y, Z) and (A", Y', Z'). 

Now the principle enunciated by D'Alembert may be stated as 
follows: — 

Under all circumstances oj motion, the internal forces form a sys~ 
tern in ecpdlibrium among themselves. Thus the set of forces typified 
by (A", Y', Z') is in equilibrium. Hence the set of effective forces 

typified by m.v, my, mz) is the exact equivalent of the set of external 
forces typified by (!', Y. Z) acting at the point xyz. Hence the sum 
of the resolved parts of the effective forces and of the external forces 
in the directions of ox, oy. oz are equal, also the sum of the moments 
of these two sets of forces about o.y, oy, oz are equal. 

These give rise to the six equations :— 

ZmA-ZAT. rm(>’ z-zy)^i:(yZ~zY), 

Smy = Sy, Xm{zx — x z)--X{zX~xZ), 

Sm z = IZ, Xm{.xy~yx)=y{xY-yX). 

These are the general equations of motion of a free rigid body. 

In two dimensions i.e. for a plane lamina, the equations of 
motion are simply 

Z/nA^ZA, Smy=XY and Xm{xy~yx)=X(xY—yX). 

62. Independence of translation and rotation. 

Taking the case of a plane lamina, let ( x , "y ) be the co-ordinates 
of its C. G. G. and A/ the mass of the lamina, so that 

Xmx, iVf ./ =Zmi> 
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Differentiating twice with respect to / 

Af A- £mxy My 

the equations of motion take the form 

M x ry. My - 

These are the equations of motion of a single particle of 
M placed at the C. G. of the lamina and acted on by forces parallel 
and equal to the external forces. Thus the motion of the lamina as 
regards translation is the same as that of a single particle oj mass M 
placed at itsC. G. under the action of the external forces transferred 

to that point. 

Taking the third equation, namely 
i:m{xy-yx)=^^(xy- ^y)^ 

if (a-'/) be the co-ordinates of particle m referred to parallel axes 
through C. so that 

.Y=rv-|-.r', V y-\-y\ 


we get 

rm[(A+A'')(>’ ^ y)-iy-x')] -i-'[(A- t a ') >' (>' + v')A']. 

Terms containing >* and their differential co-etiicients can 
betaken outside the £ and also A' mv' o^lmy'andl m.v -0 
= £my, therefore we get 

A/(.v v — y X ) + 2:m(\'y -y'x'i^xIY ,vA'A 4 A-tAT —v A ). 

From (1)*, this reduces to 

i:m {X' v'->''i') = ^XvT-v'A ) ... (2) 

This equation has the origin at G. Hence the rotational motion 
of the lamina does not depend upon the motion of G ; in other 
words, the motions of translation and rotation are independent. 

63. Impulsive T'orces. When a very great force acts for a very 
short time, its effect is measured by its impulse. Thus Y be a very 
great force acting for a very short time T. its impulse is 

T 


J 

0 


Xdt. 


Taking the equations for a lamina, namely 

Xmx 2:X. rmy^XY 

and integrating, we get from the first. 

T T T 


[j:mx ] 
0 


JrJT. dt=-2:jx.di 
0 0 
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Ifw, u' be the velocities of the particle m before and after the 
impulse, m the .v-direction, we get from the above 

Zm (u'~u)=ZX' 

where X' is the .v-component of the impulse on m. 

Similarly Zm {v’~\') = ZY'. 

Taking the third equation, namely Zm {xy-yx)=Z{xY-yX) 
and integrating, we get 


T T T 

^Zm(.\y~yx)~^ = Z^x ^Ydt-y^X(it ^ 

0 0 0 

It is to be noted that on the right hand side, .v,^ have been taken 
as constants, for, during the action of the impulse the particle does 
not change its position, though its velocity changes. Thus we get 
Zm [x (v'~v)-y (u'~u)]=Z{xY'-yX') 

64. Motion about a fixed Axis. 


Let the plane of the lamina be the plane of the paper and Oz be 

the axis of rotation perp. to the plane 
of lamina. Let zox be a plane though 
0= and fixed in space ; G the C. G. 
of the lamina and P any point of it 
where a particle of mass m is situated. 

Let 0/»=r, /^xOP=p, 

/^xoG=9y /_PoG=ix. 

As the lamina rotates about Oz. 
angles 0, change but zla remains 
the same also the distance r, as P 



moves in a circle of radius r about O. 

Gomponents of acceleration of P are along PO and r 4 
perp. But e = (p + a 0 = 4,9 = 4' 

hence the effective forces on ware 


mr4'‘=ffir$- along PO and wr^=wrfl perp. to PO. 
Hence the moment of the effective forces about the axis OZ 


is r.mr$=nir- 9 . 

Hence the moment of the effective forces of the lamina about 
OZ is Zmr-e $ Zmr^ = ^fK^, 

where MK~ is the moment of inertia of the lamina about OZ. 

Now this moment must he equal to the moment of the external 
forces about OZ. If L be the moment of the external forces about 
OZ, we have 

MK'e- L. 

Also the velocity of m is r4=ro, therefore its K. E=\mrH^, 
flcnce E. of the lamina -^Z\mr- 0 ^ -^{O'Zmr- 



d'Alembert's principle 


207 


Also the momentum of the particle m is niro and its momeiu 
about OZ is r mro = nir‘^Q. 

Hence the moment of momentum of the lamina about OZ 

yinrH = B^nv‘^ MK^. 

In the case of impulsive forces, if <■>', be the angular velocities 
of the lamina about OZ just before and just after the impulse, L 
the moment of the impulses about OZ, then since change in the 
moment of momentum is equal to the moment of the impulses, we 
have 

MK- (u>'- 


V 


65. Examples. 

Ex. 1. A plank of mass A/ is initially at rest along a line of 
greatest slope of a smooth plane inclined at an angle a to the horizon 
and a man of mass M', starting from the upper end walks down the 
plank so that it does not move. Prove that he gels to the other end 
in lime 

, where r/is the length of the plank, 

(A/ ; A/')g sin a 

A the upper end and O the centre of the plank. When the 
man is at ^ where/IP-X. let G be 
the common C. G., AG- x 

so that (A/ t M')x = : A/'.v. 

Now the equation of motion is 

(Af-I A/') v- {M \ M')g sin r 
or M'x = {M M')g %. 

Integrating twice, since when / 0, .v 

MA-M' 

^ 2M‘ ■ 

Hence when x~a, we gel / answer. 



0-x, we get 


Ex. 2. A uniform rod of mass m and length la, can turn freely 
about a fixed end. Show the least angular velocity with which it 
must be started from the lowest position so that it may just make 


complete 


revolutions in 



The only external force is 
O is mg a sin fj- 

Equation of motion is 


its weight 



mg 


vshose moment about 


mK'^Q— mfid sin 0. 
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e=-4“ *''>«• 


get 


Integrating with condition ^=&3 when wc 


3? 


0*==O>*-^(1-COS 0) 


If 0=0 when 0=7r, we get 6j 


V 


With this w, we get e^= e)-^-^co%^ 0/2 


V 


0 


TT , 0 

T 2 


> 


0 


Ex 3 A uniform stick of length 2a hangs free y by one end, 

the other being close to the ground. An angular velocity to is then 
fiiven to the stfck and when it has turned through a right angle the 

fixed end is let go. Show that on first touching the ground it will 
be i i an upright position if 


O) 


sV‘ii 1 where p is an odd multiple of 

-2aL P+U ^ 


When the stick has turned through £9 from the vertical position, 
the equation of motion is 

mK^$ = ~njga sin 0 , X® = -ja^ 

• 0 = -?-^sin0 

' ^ 4a 

Integrating 0 “=w-—^(1--cos 0) 

When e=W2,fl“= = =<“'“+I* • 

If / be the time when the rod touches the ground, then 

— a==abi't gr® 
w' 

3g ^ ^ 

la 2a 


_^ ^ —n/7 Cii*-- ■ — 


2 CO " 


^ , hence. 

P+1 


Ex 4 A rod of mass m and length 2a, which is capable of 
free motion about one end A, falls from a vertical position and when 
it is horizontal strikes a fixed inelastic obstacle at a distance b from 

2 a j 2ga 

A. Shew that the impulse of the blow is m. -y/U 


and the 
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impulsive reaction al A is 

When the rod has turned through /_e 


m.-j a* Q = ma sin 0 or 0 = 


sin 0 


When 0=0=0 


g2=^(l-cOS0) 



when 0 = 


2 ’ 


02 = ^ 

^ 2r/ 


V 


Let I be the impulse of the blow and Y the impulsive reaction 
at A. Just before the blow, G has a velocity ao, and just alter zero 

velocity. 

Therefore the equations of motion are 

m(0-aoi)^ -I—y or ma^^i =/+>' 
and ■ m.ta^O~o>) = ~Ih orni. i =//>■ 

These give the answers. 

Ex 5. A uniform beam of mass m and length 21 is horizontal 
and can turn freely about its centre which is fixed. A particle ol 
mass m' and moving with vertical velocity rr, hits the beam at • 

If the coeff. of restitution be e, show that the angular velocity ol inc 
beam just after the impact is 

the vertical 

velocity is M(cm-3/n*J/(m + 3«i’). 

If V upwards and w be the velocity and 

1 ang. velocity just after the impact and/be 
the impulse. 

For the rod, mK'^i or — 0)=^/L A.'- 
,f For the particle mHv f») = / 

^ Newton's law for impact gives 

/(.> t'H. 

Solving these we get to and v. 

Fx 6 A rouith uniform board of mass ». and length I'l. rests 
horizontal plane and a man of mass-Ys on il /j 

Proveihat.thodUtancr through which the board moves is ">.) 

Ex 7 A rod revolving on a smooth hori/ontal pLinc about one end 
which is fixed, breaks into two parts ; what is the subsequent .motion pf lo 
two pans. 

Ex. 8 . A circular board is placed on a smpotii hori/orjlal plane and a 
boy runs round the edge of it at a tiniform rate, what is the motion ol iIk leciurc 

of the board. 
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Ex. 9. A fine string has two masses tn and m' (/7i>/ra ), tied to Us ends and 
passes over a rough pulley of massJi, whose centre is fix^: if the string does 
not slip over the pulley and tht pulley can rotate about the horizontal axis through 
its centre, show that rn will descend with acceleration 

m — m' 


m+m'+Af --- 

a* 

where a is the radius and K the radius of gyiation of the pulley about the axis. 


Ex. 10. Show that in Atwood’s machine, if account be taken of the inertia 
of the pulley, the acceleration of the moving masses m, m‘ is (m—m^)g/ 
+ where M is the mass of the pulley. 


Ex. 11. A uniform 
at an angle « to the rod. 

energy given to the rod is 


rod .<4B of mass m is set in motion by a blow P at .d 
Find the velocity of A just after the blow and show that 
jy 1+3 sin^a 

2m 


Ex. 12. .'IB, BC are two equal similar rods freely hinged at B and lie in a 
straight line on a smooth table. The end A is struck by a blow perp. to Aff ; 
show (hat velocity of A is 3^ times that of B. 

Ex. 13. Three equal rods AB, BC, CD freely Jointed and placed in a 
straight line on a smooth table. AB is struck at .U by a blow perp. to AB ; show 
that velocity of centre of .-IB is 19 limes that of C/> and its angular velocity is 11 
times that of CD. 


Ex. 14. Three equal uniform rods placed in a straight line are freely jointed 
and move with velocity I’perp. to them. If the middle point of the middle rod 

be suddenly fixed, show that the ends of the other two will meet in lime—• 

where -.t is the length of each. 

Ex. 15. Two equal uniform rods .4B, .1(7 are freely jointed at .4 and are 
placed on a smooth table so as to be at right angles. .4C is struck by a blow at 
r* in a direction perp to .4(7; show that the velociiv of the middle points of.4B 
and .IC are as 2 : 7. 


Ex. K-. .l/> and t/.> are two equal and similar rods connected by a string 
J {(': .1 B, BO and (.'D form three sides of a square. A is struck by a blow perp. 
to AJl ; show that the initial velocity of A is seven times that of D. 

66. Compound Pendulum. A heavy body moving about a 
smooth fixed horizontal axis^ to discuss the motion. 



Take the vertical plane through the axis as the 
plane of reference and the plane through the axes 
and the C.G.G. of (he body as the plane fixed in 
the body. If at any time /, Q be the angle between 
these two planes,//the distance of G from the axis 
of rotation, the equation of motion is 

Mk^e= — Mgh sin 0 

where A/A:® is the M.I. of the body about the axis 
of rotation 


If 9 be small, then 
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Motion is simple harmonic and the period is l-n 



The period is the same as that of a simple pendulum of length 
This length is that of the simple equivalent pendulum. 



Even if the oscillation of the compound pendulum is not small, 
will oscillate in the same time as the simple pendulum of length 



Through G drop a perp. to the axis of rotation cutting it at O. 
Then O is called the centre of suspension. Produce OG to O’ and 

P't 

make 00'=!=—, then O' is called the centre of oscillation. Thus 

a 

if the whole mass of the body is collected at O' and suspended from 
O by a string its angular motion and lime of oscillation will be the 
same as those of the body under the same initial conditions. 

If A/Ati* be the M. /. about a parallel axis through G (hen 

or t/i" 

therefore /= ^ or //; kd t h- 

h 

Also OG.GO' - h{l-h) = hl ~h^ = kf-. 

OG OO' hi //^ = squarc of the radius of gyration 

about O 

0'G.0'0=^(l-h)l-t^-hl (/-/;)2 \ Ih Id 

= (/—Ar,^ = square of the radius of gyration 

about O' 

The symmetry of these relations shows (hat if the body were sus¬ 
pended from a parallel axis through O' . the point O will be the new 
centre of oscillation. This is often expressed by saying that the 
centres of suspension and of oscillation are convettihle, and the times 
of oscillation in either catte are the same. 

The time of oscillation is know n when / is known, hence the 

simple equivalent pendulum is of minimum length and ihcrct'orc the 

time of oscillation is minimum W'hcn 

r// k ^ 

--=0 or 1—~ -0 i.e , h■=k^ 
dh h- 

and the length of the simple equivalent pendulum is then 2A,. 

67. Torsional oscillations. Suppose a lamina. Irec to turn 
horizontally in its own plane about its C. 6’., which is fixed and let 
a restoring couple of magnitude Xf), where A is a constant and B the 
angular displacement of the lamina at time /. 
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The equation of motion is 

where wjfe* is the moment of inertia of the lamina about the vertical 
axis through its C. G. 


Thus the lamina will execute torsional oscillations of simple 
harmonic type and of period 27T which is independent of 

amplitude. 


These conditions are realised if a heavy uniform circular disc 
(or cylinder) is centrally suspended by a fine wire whose other end is 
rigidly fixed. 


68. Examples. 

Ex. 1. Three equal particles are attached to a weightless rod 
at equal distances a apart. The system is suspended and is free to 
turn about a point of the rod distant x from the middle particle. 
Find the lime of small oscillation and show that it is least when 
.Y •82^7 nearly. 

, X _ __ 

m 0 -rn ^ ' h Mh 


mia — .x}' •-wA“ + m(a-f .v)S_ , 

?/n.v 

A A 

I his is minimum when 1— .Y=‘82t7 nearly. 


Ex. 2. A simple circular pendulum is formed of a mass ^ 

suspended fiom a fixed point by a weightless wire of length i, il a 

mass ni, very small compared with A/, be knotted on 
a point distant a from the point of suspension, show that the time 


ot small oscillation is appro 
Jtself. 

In the first case /o = 27r 


’I 


In the second case, t - 2 


Vf 
Vf 


where /' = 




J 


■='('+ 'SX'+») 


J.e. 
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• • 


I 


-^*v 
■ ['- 


1 + 




D‘( 


ma \ 

Ml) 




ma2 

ma T 


“'■ 2Ml^ 

“2A// 1 

approx. 

ma / 


^ hence. 

~ 2Ml\ 

1 . 

/J 


t 


Ex. 3. Find the lengths of the simple equivalent pendulums 
in the following cases, axis being horizontal 

3a 

(а) Circular wire, axis (i) tangent-j 

f/7) perp. to the plane at any point of the arc -2a 

5a 

(б) Circular disc, axis tangent-^ • 

a(l+4e") 

(c) Elliptic lamina, axis latusrectum — 


(d) Triangular lamina, axis (i) side BC—\b sin C 

362 + 3 c*-a'^ 

x/26* + 2c^-^*-' 

2 f 3 tan2 
5 


(m) perp. to lamina through A — . 


((’) Cone, axis diameter of base — 

b x 4 Three panicles of same mass ». arc fixed to a uniform circular hoop 
of mass M and radius «. at the corners of an equilateral opXi,c 

free lo move in a vertical plane about the point on 

to one of the masses m. Prove that the length of the simple cq .uvalcnt pendulum 

is 2a. 

Ex. S. A uniform circular hoop of centre C. radius n m. can move 

freely about an axis perp. to its plane and horiiomal and passing \hroug . P . 

O of the hoop. A particle of mass »n is fixed to the hoop at a PO'O _ 

angle OCA is a right angle. Prove that the length of S.E.P. is4<i/\ 5 

Ex. 6. A bent lever of arms a and b, angle between Ihcrn being 
small oscillations in its own plane about the fulcrum; show that the length 
S.E.P. is 

2 + 

3 ' \/a*+ 2«*6* cos 1 + 6* 

Ex. 7. A rod of mass m and length «, carries at one end a/P^cre ol mass Af 
and radius h, the other end being fixed. Prove that the length of S.h.r. 

m +JVfl(a + 6)* 


a 


m --H-M(a+6) 
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£x. 8. An ellipse^of seoiiaxes o, 6 and a circle of radius 6 are cut from the 
same sheet of thin uniform metal and are supeipbsed \and fixed together with 
their centres coincident' The figure is free to move in its 6wn vertical plane about 
one end of the major axis ; show that the length of S E.P. is 

5a*~ab+2b‘ 

'4a 

Ex. 9. A uniform wire in the form of an arc of a circle is swinging about a 

horizontal axis through the middle point of the arc perp. to the plane of the arc. 
Show that time of small oscillation is independent of the length of the arc. 

, I. Ex. 10. A sphere of radius a is suspended by a fine wire from a fixed 
point at dista nce I from its centre ; show that the time of small oscillation 

is - 1^ 1 + sin* where a is the amplitude. 

Ex. 11. A small weight is attached to a compound pendulum; show that 
period of oscillation would be increased or decreased according as the point of 
attachment if below or above the centre of oscillation. 




